Warsaw School of Economics
Institute of Econometrics
Department of Applied Econometrics

Department of Applied Econometrics Working Papers
Warsaw School of Economics
Al. Niepodleglosci 164
02-554 Warszawa, Poland

Working Paper No. 4-08
Nonlinear dynamics of a duopoly game
with adjusting, heterogeneous players,
facing increasing marginal costs

Tomasz Dubiel-Teleszyński
Warsaw School of Economics

This paper is available at the Warsaw School of Economics
Department of Applied Econometrics website at: http://www.sgh.waw.pl/instytuty/zes/wp/

Nonlinear dynamics of a duopoly game with adjusting,
heterogeneous players, facing increasing marginal costs
Tomasz Dubiel-Teleszynski ∗
Institute of Econometrics, Warsaw School of Economics
Al. Niepodleglosci 164, 02-554 Warsaw, Poland

Abstract
A repeated, discrete time, nonlinear Cournot duopoly game with adjusting heterogeneous players, i.e. bounded rational and adaptive, is
subject of investigation. The game is modeled by a system of two nonlinear difference equations. The evolution of outputs over time is obtained
by iteration of a two dimensional noninvertible map. Existing equilibria and their stability are analyzed. Complex behavior is examined by
means of numerical analysis. Dynamics of the region of stability is demonstrated. Period doubling route to chaos is presented. Periodic window
is identified. Bifurcations, Lyapunov exponents, parameter basin of periodic cycles are computed. Intermittency and crisis are shown. Strange
chaotic attractors are displayed and their fractal dimensions are calculated. Sensitive dependence on initial conditions is tested.
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1. Introduction
Oligopoly is a market structure between monopoly and perfect competition. It is characterized by a domination of several
firms, which completely control trade. These firms manufacture homogeneous products. They have to consider both the
market demand, i.e. the behavior of consumers, as well as the
strategies of their competitors, i.e. they form expectations concerning how their rivals will act. The most widely used and
simultaneously the first formal model of the oligopoly market
was proposed by Cournot in 1838. The French mathematician
investigated a duopoly case, where two firms were naive players. He assumed that each company adjusts its quantity of production to that of its rival and there is no retaliation at all, so
that in every step a duopolist perceives the latest step taken
by the competitor to remain his last. However, it is highly unlikely that all players share naive expectations. Therefore, different approaches to firm behavior were proposed. Players were
not only perceived to be naive, but also bounded rational and
adaptive (Agiza and Elsadany, 2004). Works on Cournot model
showed that it has an ample dynamical behavior under different
expectations. Some authors considered duopolies with homogeneous expectations and found a variety of complex dynamics
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in their games, such as appearance of strange attractors with
fractal dimensions (Puu, 1991, 1998; Agiza, 1998, 1999; Agiza
et al., 2001, 2002; Kopel, 1996). They demonstrated that the
dynamics of Cournot oligopoly games may never converge to
equilibrium and in the long term bounded periodic or chaotic
behavior may be observed. Also models with heterogeneous
agents were studied (Agiza and Elsadany, 2003, 2004; Leonard
and Nishimura, 1999; Den Haan, 2001). Agiza and Elsadany
(2003) applied the method of Onazaki et al. (2003) - who studied the stability, chaos and multiple attractors of heterogeneous
two dimensional cobweb model - to investigate the dynamics of
a duopoly game with heterogeneous players, bounded rational
and naive, facing constant marginal costs. Zhang et al. (2007)
modified the game of Agiza and Elsadany (2003), substituting
linear cost functions with their quadratic analogues. Other nonlinear forms of cost functions, including bivariate, were also
used in Cournot duopoly models (Bischi and Lamantia, 2002;
Kopel, 1996).
In this paper the modification of cost functions introduced by
Zhang et al. (2007) is applied to study the nonlinear duopoly
game considered in Agiza and Elsadany (2004), where costs of
bounded rational and adaptive players were modelled in a linear manner. The main purpose is to enhance the investigation of
a duopoly game dynamics, where two players have heterogeneous beliefs, bounded rational and adaptive, employing the as-
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sumption of nonlinear cost functions, in particular to show that
overshooting by the bounded rational player may occur sooner
and if he is adjusting too fast, the adaptive behavior of the other
agent is less likely to stabilize the market in the framework
proposed than under constant marginal costs hypothesis. The
paper is organized in the following way. In section 2 different
expectations rules are presented and the Best Reply functions
are discussed. Section 3 is an analysis of the nonlinear duopoly
game with bounded rational and adaptive players, modelled by
a two dimensional noninvertible map. Section 4 includes numerical simulations, applied to demonstrate the complexity of
the dynamical system. Finally, section 5 concludes the obtained
results.
All figures are initially generated in the E&F Chaos software
package (Diks et al., 2007). Computations are conducted in the
Dynamics for Windows program (Nusse and Yorke, 1998).

model, fully informed rational players are assumed to reach the
Nash equilibrium immediately, in one shot, but unfortunately
such an assumption is invalid in real world because information obtained from the market is usually incomplete. Therefore,
notion of bounded rationality is employed in dynamic Cournot
oligopoly models (Bischi and Naimzada, 2000). Bounded or
not fully rational players do not possess complete knowledge of
the market. For instance, if firm X is assumed to be a bounded
rational player, though ignorant about the market demand, it
updates its production strategy by an adjustment mechanism
x
(xt ,yt )
based on a local estimate of the marginal profit Φt = ∂π ∂x
t
(Bischi et al., 1999), denoted also as gradient dynamics (Bischi
and Lamantia, 2005) or myopic adjustment mechanism (Dixit,
1986). Then, agent X behaves as a local profit maximizer. At
each time period t firm X decides to increase or decrease the
production for period t + 1 if it experiences positive or negative marginal profit on the basis of information held at time t,
according to the following dynamic adjustment mechanism

2. Expectations and Best Replies

xt+1 = xt + α(xt ) · Φt

Three expectations rules are commonly observed in the analyses of diverse oligopoly games. Simple naive on one hand
versus sophisticated adaptive and bounded rational beliefs on
the other. These tenets can be found in both homogeneous and
heterogeneous agents paradigms. A simple, Cournot duopoly
heterogeneous setup is considered here. Given system comprises of two firms, X and Y . Company X and company Y
produce homogeneous, perfectly substitutive goods, in quantities x and y respectively. Goods are offered at discrete time
periods t = 0, 1, 2, ...∞, on a shared market. At each period
t the companies X and Y form expectations of each other’s
output in period t + 1. Firms’ outputs for the latter period are
decided by solving the following optimization problem

e
xt+1 = arg max π x (xt , yt+1
)
(1)
e
y
yt+1 = arg max π (xt+1 , yt )

(4)

where α(xt ) is a positive function, which gives the extent of
production variation of firm X following a given profit signal.
Linear function α(xt ) = u · xt is assumed, since it captures
the fact that relative production variations are proportional to
x
(xt ,yt )
. Assuming that
marginal profits, i.e. xt+1xt−xt = u · ∂π ∂x
t
α(xt ) is an increasing function of xt , hence the size of the firm
X, also internalizes the fact that in the presence of a positive
profit signal a larger firm has greater capacity to make investments in order to increase its production, whereas in the presence of a negative profit signal a larger producer must reduce
its production more drastically to avoid bankruptcy risks (Bischi and Naimzada, 2000). Thus, the final equation for bounded
rational firm X exhibits the following structure

where π x (·) and π y (·) denote expected profit functions of firms
e
X and Y accordingly, and xet+1 , yt+1
represent their respective beliefs about the competitor’s future production decision.
Unique solutions to (1), if exist, are denoted by

e
xt+1 = f (yt+1
)
(2)
yt+1 = g(xet+1 )

xt+1 = xt + u · xt ·

∂π x (xt , yt )
, t = 0, 1, 2, ...∞
∂xt

(5)

where u > 0 is relative speed of adjustment of the bounded
rational firm X.
The third theory of firm’s beliefs is adaptive expectations
principle (Bischi and Kopel, 2001). A duopolist does not immediately jump to the new optimal position, but adjusts the previous decisions in the direction of the Best Reply. For example,
if firm Y forms its expectations in an adaptive mode, it calculates the produced quantity for period t + 1 weighing current
period output yt and its reaction function g(xt ). The dynamic
equation for agent Y is obtained from equation of the form

where f and g are reaction functions, also referred to as Best
e
Replies to yt+1
and xet+1 accordingly. Naive expectations rule
assumes that each firm expects the rival to offer the same quantity for sale in the current period, as he did in the previous
e
= yt and xet+1 = xt for company X and
one. Hence, yt+1
Y respectively (Cournot, 1963). After implementing Cournot
theory, (2) becomes

xt+1 = f (yt )
(3)
yt+1 = g(xt )
which describes a homogeneous duopoly game with naive
agents, where Cournot f and g reaction functions are linear.
Conversely to naive players some firms may rationally utilize information from the market. In a static Cournot oligopoly

e
yt+1
= yte + v · [yt − yte ]

(6)

First of all the lagged equation for company Y from (2) is inserted into (6). Subsequently, expectations are dropped because
player Y ultimately determines his produced quantity for period
t + 1 at time t, hence all information up to time t is available
and can be utilized in the decision process. Simple conversion
yields the final equation for the adaptive agent Y
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yt+1 = (1 − v) · yt + v · g(xt ), t = 0, 1, 2, ...∞

Qt = xt + yt is supplied by firm X and Y with nonlinear cost
functions

(7)

where v ∈ [0, 1] is the speed of adjustment of company Y .
Setting v = 1, naive expectations rule for agent Y shown in (3)
is obtained from (6). Thus, naive player is a special case within
the adaptive agent framework. When v = 0, duopolist never
revises any taken decision. Intermediate values, v ∈ (0, 1),
bring in a host of new possibilities and are therefore considered
in this paper.
Dynamic duopoly game with heterogeneous players, one
with bounded rational and the other with adaptive beliefs, is
obtained through coalescing equations (5) and (7) into a following system


∂π x (xt ,yt )
∂xt

xt+1 = xt + u · xt ·
, t = 0, 1, 2, ...∞
yt+1 = (1 − v) · yt + v · g(xt )



Cx (xt ) = cx · x2t
Cy (yt ) = cy · yt2

(10)

where cx and cy are shift parameters to the cost functions of firm
X and Y respectively. In order to obtain the increasing marginal
costs framework, the shift parameters are assumed cx > 0 and
cy > 0. Applying (9) and (10) to the general single period profit
functional form, π (·) (xt ,. yt ) = (·) · Pt (Qt ) − C(·) (·), yields
the following single period profit functions for both players


(8)

π x (xt , yt ) = xt · [a − b · (xt + yt )] − cx · x2t
π y (xt , yt ) = yt · [a − b · (xt + yt )] − cy · yt2

(11)

Partially derivating the first equation in (11) with respect to xt
allows to obtain the local estimate of the marginal profit of firm
X in period t

x

(xt ,yt )
where ∂π ∂x
is the local estimate of firm’s X marginal
t
profit and g(xt ) is firm’s Y reaction function.
Best Replies are obtained through equating the partial derivatives of the expected profit functions to zero. Reaction functions can be monotonic, e.g. linear (Cournot, 1963; Rassenti
et al., 2000) and nonmonotonic, e.g. in the form of a logistic
map (Kopel, 1996; Bischi and Kopel, 2001). Their monotonicity depends directly, i.e. technically, on the functional form resulting from combining demand and cost functions (Dana and
Montrucchio, 1986) and indirectly, i.e. substantially, on various
economic conditions, which may give rise to nonmonotonic reaction functions (Kopel, 1996). While Dana and Montrucchio
(1986) assumed that the quantity demanded is reciprocal to
price and firms operate under constant unit costs, Kopel (1996)
applied linear, inverse demand function and bivariate cost functions, reflecting interfirm externalities. Both sets of assumptions
led to unimodal reaction curves. Agiza and Elsadany (2003,
2004) utilized linear and decreasing inverse demand function
with linear cost functions and obtained monotonic, linear Best
Replies. The cost function modification introduced by Zhang
et al. (2007) to Agiza and Elsadany (2003) let them follow the
Best Reply monotonicity assumption. Most likely, the simplest
conditions under which the Cournot duopoly game leads to
complex behavior, are isoelastic demand and constant marginal
costs. Obvious advantage of such a mix is the feasibility of solving for reaction functions in a simple closed form Puu (2005).
However, the quadratic cost functions approach to Agiza and
Elsadany (2004) presented in this paper also allows for explicit,
monotonic reaction curves.

Φt =

∂π x (xt , yt )
= a − 2 · (b + cx ) · xt − b · yt
∂xt

(12)

Similar operation performed on the second equation in (11),
but with respect to yt , would yield the local estimate of the
marginal profit of firm Y in period t. Optimization problem
(12) has unique solution of the form
xt =

a − b · yt
2 · (b + cx )

(13)

which is the reaction function of firm X. By substituting xt for
yt and cy for cx in (13), the Best Reply of firm Y is obtained
g(xt ) =

a − b · xt
2 · (b + cy )

(14)

Inserting (12) and (14) into (8) yields the final structure
of a discrete dynamical system of the form (xt+1 , yt+1 ) =
T (xt , yt ), with two dimensional noninvertible map T : R2 →
R2

T : 

xt
yt





→

xt + u · xt · [a − 2 · (b + cx ) · xt − b · yt ]
(1 − v) · yt + v ·

1
2·(b+cy ) (a

− b · xt )




(15)
where t = 0, 1, 2, ...∞. Starting from given initial condition
(x0, y0 ) the iteration of map T uniquely determines trajectory
of the states of firms X and Y outputs

3. The model
Linear and decreasing inverse demand function together with
quadratic cost functions are adapted here (Zhang et al., 2007).
The price Pt is determined from the industry output Qt in
period t as

(xt+1 , yt+1 ) = T t (x0 , y0 ), t = 0, 1, 2, ...∞

(16)

The map depends on six parameters, a and b of demand function, cx and cy of quadratic cost functions, u and v the speeds
of adjustment of players X and Y respectively. Analysis of the
dynamics of the map T is focused on the four agent related parameters u, v, cx , cy and parameter a reflecting the maximum
price of the good produced.

Pt (Qt ) = a − b · Qt
(9)
where a > 0 and b > 0 . Parameter a is interpreted as the
maximum price of the good produced. Total industry output
3

3.1. Fixed points and local stability


1 + u · a · (1 −
J(E1 ) = 

Equilibria or stationary points of the given dynamic duopoly
game are defined as nonnegative fixed points of the map T ,
in particular nonnegative solutions of the nonlinear algebraic
system

x · [a − 2 · (b + cx ) · x − b · y] = 0
(17)
1
2·(b+cy ) (a − b · x) − y = 0

b
2·(b+cy ) )

−v·b
2·(b+cy )

0
1−v


(21)



whose eigenvalues are given by the diagonal entries. They are
b
) with eigenvector rE1 ,1 =
λE1 ,1 = 1 + u · a · (1 − 2·(b+c
y)
(2·v+u·a)(b+c )+u·a·c

y
y
(−
, 1) and λE1 ,2 = 1 − v with eigenvecv·b
tor rE1 ,2 = (0, 1). Under the assumptions made, both eigenvalues are real and positive. Furthermore |λE1 ,1 | > 1 and
|λE1 ,2 | < 1. No sequences of points approach the equilibrium
for t → ∞, except those originating from points on the eigenvector associated with λE1 ,2 (Medio and Lines, 2001). Equilibrium E1 is a saddle point. This completes the proof of the
proposition.

which are derived by setting xt+1 = xt = x and yt+1 = yt = y
in (15). Two fixed points are obtained
a
)
E1 = (0, 2·(b+c
y)
a·(b+2·c )

a·(b+2·cx )
E2 = ( 3·b2 +4·b·(cx +cyy)+4·cx ·cy , 3·b2 +4·b·(c
)
x +cy )+4·cx ·cy
(18)
Both fixed points are nonnegative under the assumptions
made. The first fixed point E1 , which is located on the y
coordinate axis, is called a boundary equilibrium (Bischi and
Naimzada, 2000) or a monopoly equilibrium (Bischi and
Lamantia, 2005). The x coordinate axis is an invariant submanifold, i.e. if xt = 0 then xt+1 = 0. This implies that
starting from a monopoly initial condition on the x coordinate
axis, the dynamics is confined in the same axis for each t, thus
yielding monopoly dynamics, governed by the restriction of
the map T to that axis. The restriction can be obtained from
(15) with xt = 0

M : yt → (1 − v) · yt + v ·

a
2·(b+cy )

3.1.2. Local stability of the Nash Equilibrium
Asymptotic stability of the Nash equilibrium point E2 for
the two dimensional map (15) is analyzed here. Region of stability S is determined in the plane of the speed of adjustment
parameters (u, v). To study the local stability of the second
fixed point of the two dimensional map T the Jacobian matrix
J(x, y) is evaluated at E2 , defined for the simplicity of transformations as E2 = (x∗ , y ∗ ). The Jacobian matrix (20) at the
equilibrium point E2 has the form


1 − 2 · u · (b + cx ) · x∗ −u · b · x∗

J(E2 ) = 
−v·b
1
−
v
2·(b+cy )

(19)

(22)

The characteristic equation of the matrix J(E2 ) is following

which is a one dimensional map M : R → R, generating a
a
. Point yM reflects the second
stable fixed point yM = 2·(b+c
y)
coordinate of the monopoly equilibrium point E1 of the map
T . The dynamic behavior of the restriction of map T to the invariant x coordinate axis plays an important role in the understanding of the global properties of the duopoly model (Bischi
and Naimzada, 2000).
The second fixed point E2 is the unique Nash equilibrium. It
is located at the intersection of the two reaction curves which
represent the locus of points of vanishing marginal profits in
(12).

PJ(E2 ) (λ) = λ2 − T rJ(E2 ) · λ + DetJ(E2 )
(23)
where T rJ(E2 ) is the trace and DetJ(E2 ) is the determinant
of the Jacobian matrix J(E2 ), which are given by
T rJ(E2 ) = (1 − v) + [1 − 2 · u · (b + cx ) · x∗ ]
DetJ(E2 ) = (1 − v) · [1 − 2 · u · (b + cx ) · x∗ ] −

u·v·b2 ·x∗
2·(b+cy )

(24)
Since, under the assumptions made, the discriminant of the
2
characteristic equation (23), ∆PJ(E2 ) (λ) = [T rJ(E2 )] − 4 ·
DetJ(E2 ), is positive

3.1.1. Local stability of the Boundary Equilibrium
The study of the local stability of fixed points is based on
the localization, on a complex plane, of the eigenvalues of the
Jacobian matrix of the two dimensional map T . The Jacobian
matrix along the variable strategy (x, y) is considered

2

∗

·x
∆PJ(E2 ) (λ) = {(1−v)−[1−2·u·(b+cx )·x∗ ]}2 +2· u·v·b
(b+cy ) > 0
(25)
the eigenvalues of the Nash equilibrium are real.
In the two dimensional case the conditions for stability, i.e.
for which |λE2 ,i | < 1, i = 1, 2, can be given a simple representation in terms of trace and determinant of the constant matrix
J(E2 ). The Jury’s conditions for J(E2 ) are following (Medio
and Lines, 2005)



1 + u · [a − 4 · x · (b + cx ) − b · y] −u · b · x

J(x, y) = 
−v·b
1
−
v
2·(b+cy )
(20)
Proposition 1 The boundary equilibrium E1 is unstable.
Proof. The eigenvalues of the Jacobian matrix J(x, y) evaluated
at the monopoly equilibrium point are found. At E1 the matrix
J(x, y) has the following form

(i)

1 + T rJ(E2 ) + DetJ(E2 ) > 0

(ii)

1 − T rJ(E2 ) + DetJ(E2 ) > 0

(iii) 1 − DetJ(E2 ) > 0
4

(26)

If (i) − (iii) hold, sufficient and necessary conditions for the
stability of the second fixed point are met, i.e. the eigenvalues
of the Jacobian matrix J(E2 ) are inside the unit circle of the
complex plane. While, under the assumptions made, conditions
(ii) and (iii) in (26) are always satisfied, as
(ii)

at the point A2 = (0, 1), which is not located on the hyperbola
H, representing the flip bifurcation curve (Fig. 1, 2 and 6).

u · v · a · (b + 2 · cy )
>0
2 · (b + cy )

u · v · b2 · x ∗
>0
2 · (b + cy )
(27)
the first condition (i) in (26) represents an unbounded region
R in the plane of the speed of adjustment parameters (u, v)
(iii) v + 2 · x∗ · (1 − v) · (b + cx ) +

R : 4−2·v−4·x∗ ·(b+cx )·u+

u · v · a · (b + 2 · cy )
> 0 (28)
2 · (b + cy )
Fig. 1. The Nash equilibrium region of stability S in the (u, v) plane,
(cx , cy , a, b) = (0.6, 0.8, 10, 0.5).

However, along with the model assumptions, i.e. u > 0 and
v ∈ (0; 1), the inequality in (28) defines a bounded region of
stability S, located in the positive quarter of the (u, v) plane.
Proposition 2 The Nash equilibrium point E2 is asymptotically stable if the values of the speed of adjustment parameters
(u∗ , v ∗ ) ∈ S.
Proof. The region of stability S (Fig. 1) is determined in the
plane of the speed of adjustment parameters (u, v). Curbed by
the axes u and v, a constant function v(u) = 1 resulting from
the assumption that v ∈ (0, 1) and a portion of hyperbola H,
the equation of which is given by the vanishing of the left hand
side of the inequality in (28)
H : 4−2·v−4·x∗ ·(b+cx )·u+

The region of stability S in the (u, v) plane obtained here,
in the framework of increasing marginal costs, is smaller than
its analogue found by Agiza and Elsadany (2004) in a similar
duopoly game with bounded rational and adaptive players, under the same demand function, hence equal a = 10 and b =
0.5 parameter values, but linear instead of quadratic cost functions. Introducing the nonlinear cost functions induces a loss
of a part of the region of stability. It is shown that in the increasing marginal cost framework, which is closer to real economic conditions than the static one, the risk of the bounded
rational player overshooting the border of the region of stability is higher, i.e. stability threshold for the speed of adjustment
u is lower, hence the agent enjoys a minor flexibility in setting the speed of adjustment than he does if marginal costs are
constant. Furthermore, in case the bounded rational agent is
adjusting very fast and finally overshooting occurs, the possibilities for adaptive player to stabilize the market are limited
(if at all) sooner under the assumptions proposed (Fig. 1), than
in the model by Agiza and Elsadany (2004).

u · v · a · (b + 2 · cy )
= 0 (29)
2 · (b + cy )

it is located in the positive quarter of the (u, v) plane. The
bounded region of stability S is a subregion of the unbounded
region R determined from the Jury’s conditions (26), in particular from the first condition (i). Thus, if (u∗ , v ∗ ) ∈ S, then
(u∗ , v ∗ ) ∈ R. If (u∗ , v ∗ ) ∈ R, then the Jury’s conditions (26)
are fulfilled and the Nash equilibrium point E2 is a stable node.
Presented reasoning completes the proof of the proposition.
Solely analytical approach to the Nash equilibrium stability
issue is dropped after deriving (29). Further investigation of the
local stability problem related to the second fixed point employs numerical methodology as well. Hyperbola H represents
a bifurcation curve, at which equilibrium point E2 looses its
stability through a period doubling (or flip) bifurcation (Gandolfo, 1997; Ott, 1997). The flip bifurcation curve intersects the
axes u and v at the points A1 and A0 accordingly, coordinates
of which are following
A1 = (uA1 , vA1 ) = (

3·b2 +4·b·(cx +cy )+4·cx ·cy
, 0)
a·(b+2·cy )·(b+cx)

4. Numerical explorations
The main purpose of this section is to demonstrate that dynamics of a duopoly game with heterogeneous players, who
obey bounded rational and adaptive expectations rules and face
varying, in particular increasing marginal costs, can lead to
qualitatively different and complicated dynamic features than
those of the same game with agents facing constant marginal
costs, let alone games with homogeneous players. First, dynamical behavior of the region of stability and period doubling route
to chaos with a periodic window are shown. Afterwards, other
routes to chaotic attractor, such as intermittency and crisis are
found. Strange attractors for map T are depicted in phase plots
and their respective fractal dimensions are computed numerically. Finally, the presence of chaotic behavior is evidenced by
showing that map (15) discloses sensitive dependence on initial
conditions.

(30)

A0 = (uA0 , vA0 ) = (0, 2)
The point A0 is located on the border of the region R. Constant
function v(u) = 1, which forms the upper part of the border of
the region of stability S, a subregion of R, intersects the v axis
5

parameter u, against each of the variables x (Fig. 3) and y (Fig.
4), and graph of the related largest Lyapunov exponent (Medio
and Gallo, 1995) as a function of u (Fig. 5) are presented, to
demonstrate P DRC of the map (15). Parameter u is subject
to variation, whereas other model parameters are held fixed at
(v, cx , cy , a, b) = (0.6, 0.6, 0.8, 10, 0.5).

In order to study the local stability properties of the equilibrium points numerically, it is convenient to commence with the
parameter values previously used to generate the region of stability S, i.e. (cx , cy , a, b) = (0.6, 0.8, 10, 0.5) and modify them
consequently, keeping the initial values at (x0 , y0 ) = (4, 3).
4.1. Dynamics of the region of stability
Results achieved in section 3 convey information on the effects of the model parameters on the local stability of the Nash
equilibrium point E2 . An increase in the u and/or v speeds of
adjustment, with other parameters held fixed, has a destabilizing effect, which has already been evidenced (Fischer, 1961).
Increasing u and/or v, starting from a set of parameters, which
supports the local stability of the fixed point E2 , can bring the
point (u∗ , v ∗ ) out of the region of stability S, crossing the flip
bifurcation curve (Fig. 1). Similar applies when the parameters u, v, cx , cy and b are kept fixed and the maximum price
of the good produced, parameter a, is elevated. In such a case
the region of stability S becomes smaller (Fig. 2), what can be
also deduced from the uA1 coordinate in (30). Thus, the Nash
equilibrium turns unstable when the moving boundary of the
region S is intersected by the point (u, v). Combined effects
resulting from simultaneous changes of more parameters can
also be deduced. If the equilibrium point E2 becomes unstable because of the price increase, due to a shift of the demand
curve, its stability can be recovered by a reduction in the speeds
of adjustments of firms X and Y .

Fig. 3. Bifurcation diagram with respect to parameter u, against variable x,
(v, cx , cy , a, b) = (0.6, 0.6, 0.8, 10, 0.5).

The Nash equilibrium point E2 ≈ (3.84, 3.11) is locally sta4·(2−v)·(b+cy)
,
ble for at once u > 0 and u < 8·x∗ ·(b+cx )·(b+cy )−v·a·(b+2·c
y)
i.e. 0 < u < 0; 233. As shown in figures 3-4, if u is increased,
i.e. u ≥ 0.233 the fixed point E2 turns unstable and complex
dynamic behavior is observed. At u = 0.233 a flip bifurcation
arises, which is followed by further flips, hence map (15) enters a period doubling route to chaos. Approximately, for u ∈
[0.233; 0.288) map T has a stable period-2 cycle, whereas for
u ∈ [0.288; 0.3) it is a stable period-4 cycle and for parameter
u ≥ 0.3, cycles of higher order and eventually chaos emerge.
Similar to Agiza and Elsadany (2004), it is shown that also
in the proposed framework if the adjustment of the bounded
rational player is fast enough, i.e. overshooting takes place, the
market structure finally behaves chaotically (Fig. 3-6).

Fig. 2. The Nash equilibrium region of stability S in the (u, v) plane,
(cx , cy , a, b) = (0.6, 0.8, 15, 0.5).

4.2. Period doubling route to chaos
One of the ways how stability of a dynamical system is lost
and complex dynamics followed by chaotic zone appears as parameters change is a period doubling route to chaos (P DRC),
or in Russian literature notation a safe boundary bifurcation
scenario (Medio and Lines, 2001). This route to chaos is the
basic one and probably the most common in applications. In
this subsection standard bifurcation diagrams with respect to

Fig. 4. Bifurcation diagram with respect to parameter u, against variable y,
(v, cx , cy , a, b) = (0.6, 0.6, 0.8, 10, 0.5).

At u ≈ 0.303 chaotic zone begins. The largest Lyapunov
exponent looks mostly positive, but there are many downward
6

a period-3 window P W 3 , with a stable period-3 cycle, within
the chaotic region (Fig. 6).
Unlike in Agiza and Elsadany (2004), who showed that if
bounded rational player’s speed of adjustment u = 0.3 the
duopoly game is stable for adaptive player’s speed of adjustment v < 0.6, here under the same demand function parameters and parameter value u = 0.3, but with respect to increasing
marginal costs framework, it is shown that the Nash equilibrium
is never stable, no matter how the adaptive player behaves, and
the simplest dynamics occurring under such assumptions is a
stable period-4 cycle, which, after the adaptive player’s speed
of adjustment exceeds v ≈ 0.52 and later v ≈ 0.81, is followed
by stable period-8 and period-16 cycles respectively. What is
more if adaptive player in his behavioral manner gets closer to
naive expectations rule, i.e. if v ' 0.85, periodic chaos in map
(15) is observed (Fig. 7-8). It is confirmed that complex dynamics depends mainly on the speed of adjustment of the bounded
rational player, i.e. the value of parameter u is sufficiently high,
e.g. u = 0.3, and considerable overshooting occurs, the possibilities for the adaptive player to stabilize the market structure
are limited (if at all).

Fig. 5. The largest Lyapunov exponent as a function of parameter u,
(v, cx , cy , a, b) = (0.6, 0.6, 0.8, 10, 0.5).

spikes corresponding to periodic attractors (Fig. 5). In applications the presence of a certain amount of noise has to be assumed and the practical relevance of most periodic windows
can be questioned (Medio and Lines, 2001). However, a distinct period-3 window P W 3 is observed both on the bifurcation diagrams (Fig. 3-4) and on the largest Lyapunov exponent
graph (Fig. 5), approximately for u ∈ (0.344; 0.347).
In addition, a two dimensional bifurcation diagram (or
parameter basin plot) is presented in order to depict the
safe boundary bifurcation scenario in relation to speeds of
adjustment of both firms X and Y , i.e. u and v respectively (Fig. 6), other parameters held fixed at (cx , cy , a, b) =
(0.6, 0.8, 10, 0.5).

Fig. 7. Bifurcation diagram with respect to parameter v, against variable x,
(u, cx , cy , a, b) = (0.3, 0.6, 0.8, 10, 0.5).

Fig. 6. Period doubling route to chaos in two dimensional (u, v) plane,
(cx , cy , a, b) = (0.6, 0.8, 10, 0.5).

Standard region of stability S and regions of stable periodi cycles P i (i = 2, 4, 8) followed by chaotic zone are shown.
Beginning with regions’ S and P 2 border line, the regions’
boundaries in figure 6 embody successive period doubling bifurcation curves corresponding to bifurcation incidence points
observed both on the bifurcation diagrams (Fig. 3-4) and on
the largest Lyapunov exponent graph (Fig. 5). Parameter basin
plot delivers a further numerical support for the existence of

Fig. 8. Bifurcation diagram with respect to parameter v, against variable y,
(u, cx , cy , a, b) = (0.3, 0.6, 0.8, 10, 0.5).
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4.3. Intermittency and crisis
Intermittency constitutes another route to chaos (Ott, 1997).
Different types of intermittent phenomena, such as type I, onoff or crisis-induced intermittency, were studied both in discrete time duopoly games (Bischi et al., 1998) as well as in
other economic setups (Chian et al., 2006, 2007). Gao (2007)
found the Pomeau-Manneville intermittent transition to chaotic
attractor in a purely theoretical framework of a two dimensional noninvertible map. A signal, i.e. the value of a variable
changing in time, is said to be intermittent if it is subject to infrequent variations of large amplitude. In case of intermittency
a local bifurcation of discontinuous, catastrophic kind occurs,
whose effects are both local, i.e. changes in the properties of
fixed points and global, i.e. changes in the orbit structure far
from the fixed points (Medio and Lines, 2001).
Type I intermittency, analogous to this occurring in case of
one dimensional logistic map (Medio and Lines, 2001) and
the Lorenz model (Pomeau and Manneville, 1980) can be numerically observed also in the considered repeated, nonlinear
duopoly game. The two dimensional map T depends on a parameter v, among others. The remaining parameters held fixed
at (u, cx , cy , a, b) = (0.324, 0.6, 0.8, 10, 0.5), intermittency is
found at the left frontier of the broad period-5 window shown
on the bifurcation diagram, where parameter v is varied against
variable x (Fig. 9).

Fig. 10. Time series plot for x, stable periodic
(u, v, cx , cy , a, b) = (0.324, 0.45141, 0.6, 0.8, 10, 0.5).

motion,

Manneville, 1980), but this regular behavior is intermittent and
suddenly interrupted by bursts of a finite duration (Fig. 11).

Fig. 11. Time series plot for x, type I
(u, v, cx , cy , a, b) = (0.324, 0.451393, 0.6, 0.8, 10, 0.5).

intermittency,

Each burst is followed by another laminar phase and so on.
Close to vc , the time lag between two bursts is seemingly at
random and much larger than the period of the underlying oscillations, nonetheless, the average time between bursts can be
determined (Ott, 1997). As v decreases more and more beyond
vc it becomes difficult to recognize laminar phases (Fig. 12).
Apart from intermittency, a salient qualitative change in the
orbit structure is observed in the period-5 window (Fig. 9). If
v is increased further past vc , at a certain value vbif ≈ 0.505,
there begins a series of period doubling bifurcations leading to
orbits of period 5·2i (i = 1, 2, ...∞), and eventually to periodic
chaos (or noisy periodicity), i.e. chaotic behavior restricted to
five narrow bands, each of them visited periodically. When the
speed of adjustment of the adaptive player passes another critical value vcr ≈ 0.557, the situation changes, again discontinuously, and the five bands suddenly merge and broaden to form
a single chaotic region. Such an occurrence is called a crisis
(Medio and Lines, 2001). Certain types of crises are followed
by intermittency (Ott, 1997).

Fig. 9. Period-5 window in the parameter v against variable x bifurcation
diagram, (u, cx , cy , a, b) = (0.324, 0.6, 0.8, 10, 0.5).

For v < vc the map T has two unstable fixed points E1 and
E2 . As v increases past the critical value vc ≈ 0.4514, the map
T acquires unstable and stable period-5 cycles. The bifurcation
occurring at v = vc , near the left boundary of the period-5 window, is a saddle-node (or fold) bifurcation (SN B), associated
with the sudden, catastrophic disappearance, or appearance, of
equilibria (Medio and Lines, 2001). For v > vc , the asymptotic dynamics generated by map T for most initial points is
a period-5 orbit. Measurements show regular periodic oscillations (Fig. 10).
When v becomes slightly smaller than the threshold value vc ,
e.g. v ≈ 0.451393, the fluctuations remain apparently periodic
during long time intervals, called laminar phases (Pomeau and
8

fixed and adaptive player’s speed of adjustment is changed from
v = 0.556 for W CAs to v = 0.558 for M CA. Disappearance
of five ”small” weakly chaotic attractors is followed by rapid
appearance of the new ”large” M CA attractor containing the
locus of the former.

Fig. 12. Time series plot for x, indefinite laminar
(u, v, cx , cy , a, b) = (0.324, 0.45125, 0.6, 0.8, 10, 0.5).

phases,

Corresponding behavior of the largest Lyapunov exponent as
a function of v is presented (Fig. 13). It is demonstrated that
there are chaotic regions within a periodic window and simultaneously periodic windows within the chaotic region, what indicates that in a complex dynamical system there is order within
chaos and chaos within order (Chian et al., 2005).

Fig. 14. Attractor merging crisis, v = 0.556 for W CAs, v = 0.558 for
M CA, (u, cx , cy , a, b) = (0.324, 0.6, 0.8, 10, 0.5).

4.4. Strange attractors and fractal dimensions
Chaotic sets are typically characterized by a peculiar geometric structure usually denoted as fractal (Medio and Gallo,
1995). Fractal sets disclose noninteger dimension. The Kolmogorov capacity and the correlation dimension are prototypical members of a family of dimension-like quantities, which can
be grouped under the label fractal dimensions and are suitable
for fractal objects (Medio and Lines, 2001), such as strange attractors. A good numerical approximation of capacity and correlation dimensions, directly relating the dimension of an attractor and the associated Lyapunov exponents - which are the
average, asymptotic, exponential rate of divergence of nearby
orbits - is Lyapunov dimension (DL ) suggested by Kaplan and
Yorke (1979). DL is utilized here to examine the important
characteristic of neighboring chaotic orbits to see how rapidly
they separate each other. The Lyapunov dimension is defined
as follows

Fig. 13. The largest Lyapnunov exponent as a function of parameter v with
saddle-node bifurcation (SN B) and attractor merging crisis (AM C) points,
(u, cx , cy , a, b) = (0.324, 0.6, 0.8, 10, 0.5).

Crises happen as a result of collision between an attractor
and a saddle-like object such as saddle fixed or periodic point,
or their stable manifolds. The sudden merging of two (or more)
separate pieces of a chaotic attractor, taking place when they
concurrently collide with an unstable fixed or periodic point
(or its stable manifold) is called an attractor merging crisis
(AM C) (Chian et al., 2005, 2006). AM Cs have been numerically observed, for instance, in one dimensional logistic and
two dimensional Henon maps (Medio and Lines, 2001).
The broad period-5 window (Fig. 9) ends with a global bifurcation due to attractor merging crisis. When parameter v is
set to vcr , AM C occurs (Fig. 13). At this level of firm Y speed
of adjustment, five coexisting weakly chaotic attractors W CAi
(i = 1, 2, 3, 4, 5) combine to form a merged chaotic attractor
M CA, what is shown on the phase plot (Fig. 14), where model
parameters (u, cx , cy , a, b) = (0.324, 0.6, 0.8, 10, 0.5) are held

Pj

i=1 Li
(31)
|Lj+1 |
Pj
where j is the largest integer for which i=1 Li > 0, meaning that Lj+1 < 0, and the associated set of Lyapunov exponents is ordered from the largest L1 to the smallest Lm . Two
dimensional map T of the considered duopoly game implies
that Lyapunov dimension is given by

DL = j +

DL = 1 +

L1
|L2 |

(32)

At the parameter values (u, cx ) = (0.324, 0.6), (v, cy ) =
(0.6, 0.8) and (a, b) = (10, 0.5) the map (15) has two Lyapunov exponents L1 = 0.351 and L2 = −0.889, thus chaotic
9

Fig. 15. Strange attractor, (u, v, cx , cy , a, b) = (0.324, 0.6, 0.6, 0.8, 10, 0.5).

Fig. 17. Trajectories of x for (x0 , y0 ) and (x0 + 0.0001, y0 ), white and
black respectively.

attractor presented in figure 15 has Lyapunov dimension DL =
1.394 and exhibits a fractal structure, what makes him strange.
Another strange attractor is shown in figure 16. It is computed
for a different set of parameter values, (u, v, cx , cy , a, b) =
(0.35, 0.5, 0.6, 0.8, 10, 0.5), what leads to L1 = 0.531 and
L2 = −0.668, thus DL = 1.795.

Fig. 18. Trajectories of y for (x0 , y0 ) and (x0 + 0.0001, y0 ), white and
black respectively.

Fig. 16. Strange attractor, (u, v, cx , cy , a, b) = (0.35, 0.5, 0.6, 0.8, 10, 0.5).

4.5. Sensitive dependence on initial conditions
Sensitive dependence on initial conditions (SDIC) is one of
the features of chaotic behavior of maps (Ott, 1997; Medio and
Lines, 2001). The SDIC of the map T is shown. In the first
step two trajectories with different initial values (x0 , y0 ) and
(x0 + 0.0001, y0 ) are computed for each x (Fig. 17) and y
(Fig. 18) variables. Parameters of the model are held fixed at
(u, cx ) = (0.36, 0.55) for firm X, (v, cy ) = (0.3, 0.6) for firm
Y and (a, b) = (10, 0.5) for inverse demand function.
Next, for the same fixed parameter values, two orbits with
different initial values (x0 , y0 ) and (x0 , y0 + 0.0001) are calculated for each x (Fig. 19) and y (Fig. 20) variables.
At the beginning, the time series of x and y depicted simultaneously for various start values are indistinguishable, in all
four considered cases (Fig. 17-20). Approximately after 25 iterations the difference between them builds up rapidly. The hy-

Fig. 19. Trajectories of x for (x0 , y0 ) and (x0 , y0 + 0.0001), white and
black respectively.

pothesis of map T having sensitive dependence on initial conditions is confirmed, hence complex dynamic behavior occurs
in the analyzed model.
10
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5. Concluding remarks
In this paper, complex dynamics of a nonlinear duopoly game
with adjusting, heterogeneous, i.e. bounded rational and adaptive players was examined. Analysis was performed under the
assumption of the increasing marginal costs framework. Unstable monopoly equilibrium and the Nash equilibrium were
found. The region of stability was defined for the latter. Under
the proposed assumptions, the region of stability was found to
be smaller than its analogue when marginal costs are constant.
As a result, the bounded rational agent experienced a minor flexibility in the adjustment behavior and his fast adjustment, eventually leading to overshooting, meant that possibilities to stabilize the market structure by the adaptive player were limited
(if at all) sooner than in the constant marginal cost framework.
Period doubling route to chaos was evidenced by both standard bifurcation diagrams and graph of Lyapunov exponent, as
well as two dimensional parameter basin plot. The existence of
a periodic window with a stable period-3 cycle was supported
numerically. Type I intermittency and attractor merging crisis
were found in the analyzed two dimensional noninvertible map
T . Lyapunov dimensions of strange attractors were computed.
Eventually, the rich dynamics and complexity of the repeated
duopoly game with two adjusting, heterogenous agents facing
quadratic cost functions was confirmed by model’s sensitive
dependence on respective outputs start values.
Even if the conducted analysis was limited to the duopoly
game with particular choice of players’ expectations rules as
well as demand and cost functions, the author believes that
numerical results shown here are indicative of what may happen
under different assumptions in such a model, whereas analytical
proof of their existence may be a course of further research in
this area.
Acknowledgements
The author thanks Michal Ramsza and Robert Kruszewski
from the Department of Mathematical Economics at the Warsaw School of Economics for their comments.
11

Dynamics and Control 2001; 25; 721-746.
Diks C, Hommes C, Panchenko V, Van der Weide
R. E&F Chaos: a user friendly software package
for nonlinear economic dynamics. CeNDEF; 2007.
http://www1.fee.uva.nl/cendef/.
Dixit A. Comparative statics for oligopoly. International Economic Review 1986; 27; 107-122.
Fischer FM. The stability of the Cournot oligopoly solution:
the effect of speeds of adjustment and increasing marginal
costs. Review of Economic Studies 1961; 28; 125-135.
Gandolfo G. Economic dynamics. Springer; 1997.
Gao Y. Complex dynamics in a two dimensional noninvertible map. Chaos, Solitons and Fractals 2007;
doi:10.1016/j.chaos.2007.06.051
Kaplan JL, Yorke YA. A regime observed in a fluid flow model
of Lorenz. Communications in Mathematical Physics 1979;
67; 93-108.
Kopel M. Simple and complex adjustment dynamics in Cournot
duopoly models. Chaos, Solitons and Fractals 1996; 12;
2031-2048.
Leonard D, Nishimura K. Nonlinear dynamics in the Cournot
model without full information. Annals of Operations Research 1999; 89; 165-173.
Medio A, Gallo G. Chaotic dynamics: theory and applications
to economics. Cambridge University Press; 1995.
Medio A, Lines M. Introductory notes on the dynamics of linear
and linearized systems. In: Lines M (Ed.), Nonlinear dynamical systems in economics. CISM, SpringerWienNewYork;
2005. p. 1-26.
Medio A, Lines M. Nonlinear dynamics. A primer. Cambridge
University Press; 2001.
Nusse
HE,
Yorke
JA.
Dynamika.
Badania
numeryczne.
PWN:
Warszawa;
1998.
http://yorke.umd.edu/dynamics/index.html.
Onazaki T, Sieg G, Yokoo M. Stability, chaos and multiple attractors: a single agent makes a difference. Journal of Economic Dynamics and Control 2003; 27; 1917-1938.
Ott E. Chaos w ukladach dynamicznych. WNT: Warszawa;
1997.
Pomeau Y, Manneville P. Intermittent transition to turbulence
in dissipative dynamical systems. Communications in Mathematical Physics 1980; 74; 187-197.
Puu T. Chaos in duopoly pricing. Chaos, Solitons and Fractals
1991; 1; 573-581.
Puu T. Complex oligopoly dynamics. In: Lines M (Ed.), Nonlinear dynamical systems in economics. CISM, SpringerWienNewYork; 2005. p. 165-186.
Puu T. The chaotic duopolists revisited. Journal of Economic
Behavior and Organization 1998; 37; 385-394.
Rassenti S, Reynolds SS, Smith VL, Szidarovszky F. Adaptation and convergence of behavior in repeated experimental
Cournot games. Journal of Economic Behavior and Organization 2000; 41; 117-146.
Zhang J, Da Q, Wang Y. Analysis of nonlinear duopoly game
with heterogeneous players. Economic Modelling 2007; 24;
138-148.

12

