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Piotr Białowolski± 
 

Expectations’ Formation in Business Survey Data 
 
 

Abstract 
In this paper we conduct a three step analysis of business tendency survey 

data in order to establish (1) common factors driving responses to groups of 
questions in the business tendency survey conducted among firms in the 
manufacturing industry in Poland, (2) factors responsible for respondents’ 
answers regarding assessments (present) and expectations (future), and (3) 
interrelations between current assessments and expectations. We start by 
performing a check of the factor structure with multi-group confirmatory factor 
analysis (MGCFA) models in order to establish common factors responsible for 
sets of answers in the area of assessments and expectations, respectively. Then, 
we proceed with structural equation modeling (SEM) framework in order to 
define period-specific relations between the factors. With the final structural 
model we show that most answers in the area of current assessments and 
expectations of companies are in line with the stylised facts. We also 
demonstrate that  the companies’ response pattern did not change during the 
financial crisis. 
 
 
Keywords: business tendency surveys, confirmatory factor analysis, structural 
equation modeling  
 
JEL classification: B41, C83, E32 
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1. Introduction 

Referring to Katona’s works (1946, 1947), there is a fundamental belief 
that business and consumer tendency survey data provide an insight into the 
economic situation of consumers and enterprises. Economic agents are believed 
to have an intrinsic knowledge of their own current and future situation but also 
are assumed to be able to assess current and future situation of the general 
economy. Due to this, tendency survey questionnaires are usually designed to 
cover four areas emerging from the two by two interactions: PRESENT and 
FUTURE, INDIVIDUAL (respondent’s) and GENERAL (economic) situation.  

A way in which those four areas interact in consumer tendency surveys 
was already subject to investigation both with respect to the European 
Economies (Bovi, 2009) and Poland (Białowolski & Dudek, 2008).  Although 
these studies were based on aggregated data, the results suggest that there might 
be a causal relationship between the patterns of assessment and forecasts in the 
dimensions of general economic situation and household’s situation. These 
interrelations were summarised in the mantra formulated by Bovi (2009), which 
states: ‘As usual, it has got worse than I expected. Especially for the OTHERS. 
Nevertheless, I think that it will get better. Especially for ME.’ This mantra 
clearly confirms the existence of two dimensions regarding the subject of 
question (ME and OTHERS) and, for each dimension, the two time frames 
(PRESENT and FUTURE).  

An investigation of interactions between those four areas has never been 
conducted with respect to business tendency data, which creates a gap that we 
try to fill in with this paper. In order to investigate the interrelations between 
the answers to specific questions we advocate for an approach based on  
micro-level data.  The need for a more profound, micro-level analysis with 
tendency survey data was already stressed by Paloviita & Viren (2012), who 
noticed that usually survey data analysis is limited to presentation of averages 
and rarely takes as the center point the behaviour of individual respondents.  

The most common applications of business survey data are direct 
forecasts of economic variables (Białowolski, Kuszewski, & Witkowski, 2010, 
2013; Siliverstovs, 2009) or tests of the rational expectations hypothesis 
(Davies & Lahiri, 2000; Zarnowitz, 1992). There is also a broad literature on 
econometric modeling of relations between the variables coming from the 
tendency surveys focused on time evolution of forecasts of individual 
forecasters (Koeberl & Lein, 2011; Paloviita & Viren, 2012). However, the 
main focus of the analysis presented in this paper is evaluation of the  
micro-level process of expectations’ formation with regards to the situation of  
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a company and interactions between company’s and the general economic 
situation.  

As in the areas regarding company’s present and future situation there are 
batteries of questions related to current assessments and expectations 
respectively, we decided to verify whether there are also stable concepts 
responsible for the mode of answering of individual companies with respect to 
all questions related to a given area. With this in hand, we subsequently 
investigate stability of the relations over time. The adopted methodology 
comprises:  

(1) confirmatory factor analysis (cf Brown, 2006), as a tool for 
determining the common factors responsible for the mode of answering to 
survey questions, and  

(2) structural equation modeling (cf Kaplan, 2009), employed in order to 
establish relations between factors and other variables, but also between factors 
related to current state and factors responsible for expectations regarding the 
future.  

The main contribution of this article is the use of micro-based data to 
determine existence of concepts (factors) responsible for groups of answers in 
the business tendency survey questionnaire but also verification of the  
time-stability of obtained relations. Using common factor modeling in the field 
of business and consumer tendency surveys has constantly gained more 
attention of academics, but the most examples are based on aggregated data, ie 
factors are derived from aggregates (Costantini, 2013; Lemmens, Croux & 
Dekimpe, 2007). With such an approach, however, one does not search for 
common factors within a company (common factor that is accountable for the 
questionnaire responses) but searches for common factors that drive the 
changes in aggregates between time points. The approach proposed in this 
article, i.e. the use of common factors based on micro-level data and 
interrelations between them, is further supported by Picchetti (2012) who 
states : ‘The optimal forecast method will depend on the stochastic process 
which is followed by the variable being forecast, and also by the 
interdependences in the relevant structural model.’ It is a suggestion not only to 
use the structural equation modeling but also for a search of underlying 
concepts in the data.   

Summing up, the main objectives of the paper can be stated as follows. 
The first objective is to verify the factorial structure of the data in business 
tendency survey questionnaire. The verification is conducted with respect to 
current assessments and expectations and provides a check whether the 
corresponding indicators of current assessments and expectations should be 
included in the two factors. If it is established, it might be claimed that 
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companies include the same set of indicators for representation of their current 
state and expectations regarding the future. The second objective of the paper is 
to check whether the same factor loadings can be imposed both on current 
assessment and expectations regarding future. With this asserted, it is possible 
to state that exactly the same influence of latent variables is present for current 
assessments and the expectations, i.e. the one point change in the latent factor 
describing current situation has the same impact on its indicators as the one 
point change in the latent factor describing future situation on its corresponding 
indicators. The third objective of the paper is to capture the relations between 
the current assessments and expectations. The predetermined structural relation 
at the current assessment and expectations levels are checked and an impact of 
current assessments on expectations about the future is verified.    

Following the objectives, the paper is structured as follows. First, we 
introduce the conceptual framework of the model, provide the data source and 
basic information on the data. Second, we derive the structural relations within 
the current assessments and within the expectations regarding the future. At this 
stage we also compare the results and draw conclusions about similarity of 
current assessments and expectations. Then, we proceed with the structural 
equation model and check the postulated relationships between the current 
assessments and expectations, we verify their stability and provide the sources 
of strain. The final section concludes. 

2. The data source and the conceptual model 

The analysis is carried out on the data from the survey in 
the manufacturing sector conducted by the Research Institute for Economic 
Development, Warsaw School of Economics on the monthly basis. 
The questionnaire comprises questions referring to the production, orders, 
prices, stocks, financial situation, capacity utilization within a company but also 
the general economic situation of the country (detailed wording of questions in 
Appendix 1). All the questions are provided in a qualitative form, which allows 
for three types of answers: increased, remained the same, decreased or above 
normal, normal, below normal. Each question additionally exists in one of the 
two variants – referring to the past (current assessment) and referring to the 
future (expectations). Due to the fact that the question wording refers to 
forecasts made 3-4 months ahead, quarterly data are used for the analysis.  

The sample consists of a panel of companies that respond to survey 
questions via post and e-mail questionnaires. The initial sample was a random 
group of companies selected from the Central Statistical Office register. The 
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average response in the period of analysis was 405, ranging from 328 (July 
2007) to 529 (July 2010). The period of analysis covers 2005Q1-2013Q1. 

We start the analysis with separate approaches to survey responses 
referring (1) to the current assessments and (2) to the expectations. Within each 
approach a search for a common driving force responsible for question answers 
is performed. The initial construction of the conceptual model is based on the 
assumption that assessments and predictions reported at the company level are 
driven by assessments and predictions formulated about the general economic 
situation. As Zarnowitz (1992) points out, “Macropredictions serve as 
important inputs to micropredictions”. This clearly indicates the postulated 
causal inference going from macro- to micro-level indicators. Based on these 
assumptions and the accessibility of the data, we provide a first outline of the 
conceptual models present at the level of current assessments and expectations. 
 

 

Figure 1. The initial conceptual model of the assessment of current situation 
(and expectations) of a company and the general economy. 

Source: own compilation. 
 

The conceptual model refers both to current assessments and 
expectations, however the final objective is to create a link between 
the responses to survey questionnaire regarding the current assessments and 
expectations. It is clearly the case that actual situation of a company has strong 
influence on its future, which is also observed in the aggregate data (Picchetti, 
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2012). Thus, the conceptual framework of the model comprising both states and 
forecasts is as follows.  

 

  

Figure 2. Conceptual model of relations between the assessment of current and 
future situation both with respect to the situation of the company and to the 
general economy based on the Survey in the manufacturing sector. 

Source: own compilation. 
 
In this conceptual framework, it is assumed that respondent’s perception 

of the current situation of a company influences his/her perception of 
company’s expected situation, his/her perception of the current general 
economic situation influences perception of the future general economic 
situation, and finally, his/her perception of the current general economic 
situation has an impact on the expected economic situation of the company. 
This conceptual framework is in line with basic stylised facts stating that the 
future depends on current states and additionally, the general economic 
situation is affecting the situation at the company level. 

3. Modeling strategy 

The adopted modeling approach in construction and verification of the 
final structural model (Figure 2) comprised the following steps. 
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1. Firstly, based on the measurement model presented in Figure 1, 
interrelations between variables describing separately states and forecasts were 
analysed in order to verify existence of the assumed common factor responsible 
for responses referring to company’s situation. The implemented approach was 
based on the multi-group confirmatory factor analysis (MGCFA). The accuracy 
of models were based on the descriptive-fit statistics such as Root Mean Square 
Error of Approximation (RMSEA), Comparative Fit Index (CFI) and  
Tucker-Lewis Index (TLI). With respect to RMSEA, following Browne & 
Cudeck (1992), the acceptable range was limited to 0.00-0.08. With respect to 
CFI and TLI, it was assumed, following Hu and Bentler (1999), that both 
should be above 0.9 in order to judge the model as acceptable. Additionally, the 
final solutions were limited to only those in which completely standardised 
factor loadings were ‘salient’ (Brown, 2006; Matsunaga, 2011; Osborne 
& Costello, 2004), which in the case of MGCFA analysis on business tendency 
survey data was assumed to be above 0.4 (the average in all periods was taken 
into consideration). 

2. Secondly, the confirmatory factor model was extended with answers to 
the question on general economic situation, and the non-salient indicators of 
company situation were included in the structural model as independent 
variables that are explained by the latent factor describing the situation of  
a company and the general economic situation. Regressions with not significant 
regression coefficients were eliminated from the analysis.    

3. The models of current assessments and expectations were compared to 
each other and the hypothesis of equal understanding of the structural part of 
the model between periods was tested. The comparisons were made with  
chi-square difference testing for WLSMV estimator that is explained in more 
details in Muthén & Muthén (2012).  

4. Finally, a model combining the structural relations of current 
assessments and expectations was built and tested for intertemporal indifference 
within the postulated relations between the current assessments and 
expectations. 

In order to reliably compare between periods the means of latent variables 
of interest, measurement invariance needs to be ascertained. The measurement 
invariance is verified on three required levels:     

a. configural invariance,  
b. metric invariance, 
c. scalar invariance.  
Configural invariance can be described as an equivalence between 

conceptualization and operationalization of the measured phenomena. It is 
guaranteed by applying the same indicators, namely the same conceptual model 
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and operationalization to measurement of each latent variable in each of the 
groups subject to comparison  (cf Davidov, 2008; Kaplan, 2009). For this level 
of measurement invariance it is required that for measurement models estimated 
separately for different groups the same pattern of signs of factor loadings is 
observed in all groups. Metric invariance is intended to show that changes in 
the latent variable have the same meaning in all groups. This level of 
measurement invariance is sufficient to analyse correlations between latent 
variables. Metric invariance is tested by imposing equality constraints between 
group-specific factor loading matrices and verifying the model fit (Davidov, 
2008). Although it is a necessary condition for measurement invariance, it is not 
sufficient to establish metric invariance in order to compare the values of latent 
variable between periods. In order to do so, scalar invariance needs to be 
checked. With this level of measurement invariance the latent variable has not 
only the same scale in terms of indicator questions but also differences between 
groups in the thresholds estimated for indicators are not present. This level of 
measurement is ascertained by holding equal the thresholds for each categorical 
variable in regressions of indicators on the latent variable (Millsap & Yun-Tein, 
2004) and checking whether the model is characterised by sufficient fit.  

The procedure of measurement invariance testing might be based on 
either exact fit tests (increase of the chi-square statistics) or, as in our case, can 
be based on the close fit statistics (Millsap & Yun-Tein, 2004). In the latter 
case, the full measurement invariance is tested in one step by checking the 
model fit with comparative-fit-indices (close fit). In the Mplus 6.1 (Muthén & 
Muthén, 2012) used in this study this option is the default, and all factor 
loadings and thresholds are also constrained to be equal by default between 
groups (periods).    

For the structural models of current assessments and expectations the 
model fit was assessed for different combinations of constraints and the best 
model was selected based on the chi-square difference testing, which was also 
used to verify intertemporal stability (existence) of relations between latent 
constructs. 

4. Results 

4.1. Current assessment of a company’s situation  

Initial step of the analysis comprised a multi-group confirmatory factor 
model with all indicators of company’s current assessment included. It was 
assumed that the question regarding the assessment of the general economic 
situation (IND.GES.S) is the only one that is unrelated to the current assessment 
of the situation of the company – the answers to the IND.GES.S question 
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cannot be conceptually explained by variation in the company’s situation. Thus, 
in the first step a confirmatory model with all remaining variables included 
(IND.PROD.S, IND.ORD.S, IND.STOCKS.S, IND.PRICES.S, IND.EMPL.S, 
IND.FS.S, IND.CAP.S) was estimated. The model did have a sufficiently good 
fit (RMSEA=0.057; CFI=.988; TLI=.990), however two indicators were not 
salient: IND.STOCKS.S and IND.PRICES.S. Standardised factor loadings for 
these two indicators were below the threshold value of 0.4. After removing 
them from the analysis the resulting model remained well fitted 
(RMSEA=0.057; CFI=.994; TLI=.995) and all the indicators were salient. 

Then, the structural model in which not salient indicators were treated as 
dependent variables was introduced. It implies that the structural model was 
created by introducing: 

− dependence of company’s stocks and offered prices on both company’s 
situation and general economic situation; 

− regression of current company’s situation on the general economic 
situation, which resulted from the conceptual model presented in 
Figure 1.  

Such a structure was also motivated by the fact that decisions on 
company’s offer prices and company’s stocks are rather a consequence of the 
situation in the company and in the economy than the other way around. The 
grounds for the first regression were that the economic situation of the general 
economy should influence the situation of an enterprise.  

Structural model was sequentially tested for a possibility to fix the 
regression coefficients to zero and, when all possibilities to fix to zero failed, it 
was tested whether they can be fixed equal between periods.1 The first option 
relates to no apparent relation between the variables and factors or between the 
variables, whereas the second implies that the strength of relation between 
variables or between variables and factors remains constant between the time 
points. The procedure of direct testing of chi-square differences is not possible 
with WLSMV estimator and due to this a special testing procedure is employed 
(Muthén & Muthén, 2012). The following steps of estimation and testing are 
reported in Table 1. 

 
 

  

                                                   
1 Fixing a coefficient to zero was reported in tables with ‘@0’, while fixing it equal between 

periods was reported with ‘(p1)’, ‘(p2)’, etc. 
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Table 1. Constraints introduced to the structural model of current assessments 
due to insignificant chi-square test. 

Step 
Model specification 

(change) 

Chi-square 
difference test p-

value 
RMSEA CFI TLI 

1. 
All regression coefficients 

free to change 
n.a. 0.062 0.985 0.983 

      

2. 
IND.STOCKS.S on 

IND.GES.S@0; 
0.3422 0.060 0.985 0.984 

      

3. 
IND.PRICES.S with 
IND.STOCKS.s@0; 

0.1694 0.059 0.986 0.985 

Source: own calculations in Mplus 6.1. 
 
The final model on states assumed no effect of the general economic 

situation on current stocks and no relation between prices and stocks (Figure 3).  

 

4.2. Expectations of company’s situation  

The same procedure as regards to the assessment of current states was 
applied with respect to expectations of companies. In the first step a similar 
confirmatory model with all variables referring to the expectations 
of companies (IND.PROD.F, IND.ORD.F, IND.STOCKS.F, IND.PRICES.F, 
IND.EMPL.F, IND.FS.F, IND.CAP.F) was estimated. The model did have  
a satisfactory fit (RMSEA=0.053; CFI=.991; TLI=.993), however, similarly to 
the model of states, the two indicators were not salient: IND.STOCKS.F and 
IND.PRICES.F. Thus, the two indicators were excluded from the measurement 
model of the company’s situation. The model with the two indicators removed 
had a similar fit (RMSEA=0.060; CFI=.994; TLI=.996), but all the indicators 
were salient. Consequently, the structural model was introduced, which initially 
was of the same form as with respect to the current states. 
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Figure 3. The model of current situation assessments2. 

Source: own compilation. 
 
Structural model was sequentially tested with chi-square difference testing 

for a possibility to fix the regression coefficients to zero and, when all 
possibilities to fix it to zero failed, it was tested whether they can be fixed equal 
between periods. The following steps of the procedure are recorded in Table 2. 

The final model on forecasts assumed no relationship between future 
general economic situation and price decisions but also a lack of influence of 
the general economic situation on company’s decisions on the future level of 
stocks. However, in the model period-specific relationship between stocks and 
prices were maintained. The model is presented in Figure 4. 

 
 
 
 
 
 

                                                   
2 Coding of questions was in line with the State of the Households’ questionnaire presented in 

Appendix 1.  
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Table 2. Constraints introduced to the structural model of expectations due to 
insignificant chi-square test. 

Step 
Model specification 

(change) 

Chi-square 
difference test p-

value 
RMSEA CFI TLI 

1. All regression coefficients 
free to change 

n.a. 0.063 0.985 0.983 
      

2. IND.STOCKS.S on 
IND.GES.S@0; 

0.4471 0.061 0.986 0.984 
      

3. IND.PRICES.S with 
IND.STOCKS.s@0; 

0.3564 0.059 0.986 0.985 

Source: own calculations in Mplus 6.1. 
 
 

 

Figure 4. The model of expectations. 

Source: own compilation. 
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4.3. The multi-group (multi-period) structural model with current 
assessments and expectations combined  

The estimated structural model is a combination of both models – 
referring to the present and to the future (presented in section 4.1 and 4.2). In 
the first step, it was checked whether current assessments and forecasts can be 
considered independent, which would imply that companies answer 
independently the set of questions related to current assessments and the set of 
questions related to expectations. The model in such specification proved, 
however, to be very poorly fitted with RMSEA=0.163; CFI=0.765; TLI=0.751. 
Therefore, it was modified in order to account for all possible influences of 
current assessments on expectations. As there were additional significant 
regressions established in the process of estimation of current assessment (see 
Figure 3) and expectations (see Figure 4) models, the initially proposed 
structural model for combination of current assessments and expectations 
(presented in Figure 2) was modified and took the form presented in Figure 5. 

 

 

Figure 5. The structural model for current assessments and expectations 
combined. 

Source: own compilation. 
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The proposed regressions (presented in Figure 5) were sequentially tested 
to imposed constraints. Similarly to the models of current assessments and 
expectations, also in the final model the coefficients were initially tested to be 
equal to zero in all groups (periods) and, if rejected, they were tested to be equal 
between periods. The results of the stepwise procedure are summarised in  
Table 3.  

 
Table 3. Constraints introduced to the structural model of current assessment 
and expectations due to insignificant chi-square test3  

Step 
Model specification 

(change) 

Chi-square 
difference test 

p-value 
RMSEA CFI TLI 

1. All regression 
coefficients free to 

change 
n.a. 0.076 0.956 0.951 

      

2. IND.STOCKS.F on 
Factor_state@0; 

0.2778 0.061 0.986 0.984 
      

3. IND.PRICES.F on 
IND.GES.S@0; 

0.2511 0.075 0.956 0.952 
      

4. IND.PRICES.F on 
IND.STOCKS.S@0; 

0.0571 0.075 0.957 0.952 
      

5. IND.STOCKS.F on 
IND.GES.S@0; 

0.0532 0.074 0.957 0.953 
      

6. Factor_forecast on 
IND.GES.S (p1); 

0.0513 0.074 0.957 0.954 
      

7. IND.GES.F on 
IND.GES.S (p2); 

0.0857 0.073 0.958 0.955 
      

8. IND.PRICES.F on 
Factor_state (p3); 

0.1464 0.072 0.958 0.955 

Source: own calculations in Mplus 6.1. 
 

                                                   
3 Factor_state refers to the factor calculated in 4.1 describing situation of the company – state, 

while factor_forecast refers to the factor calculated in 4.2 describing situation of the company 
- forecast. 
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The final structural model comprised all relationships identified at 
the level of states and all relationships identified at the level of forecasts but 
additionally the following relations were established:  

- Current company’s situation and current general economic situation do 
not influence predicted changes in the level of stocks; 

- Current assessment concerning the general economic situation and 
current level of stocks of the company are not significant determinants 
of the future price changes implemented at the company’s level; 

- Expected company’s situation is in all periods equally affected by 
current assessment of the general economic situation; 

- Expected changes in the general economic situation are in all periods 
(both before and after crisis) equally affected by current assessment of 
the general economic situation; 

- Expected movements of prices of goods vended by a company are in 
all periods equally affected by current assessment of the general 
economic situation.    

With all these constraints in place, the final model can be presented on the 
following graph (Figure 6).  

 

Figure 6. The final structural model for current assessments and expectations 
combined 
Note: period invariant relations were marked with thicker lines. 
Source: own compilation. 
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It can be noticed that questions in the business tendency questionnaire are 
subject to very specific (and complicated) relations. The most fundamental 
findings of the paper show that the general economic situation has an influence 
on situation of the company, however it does not directly influence prices and 
stocks (with one exception – current general economic situation influences 
current changes in the company’s prices). Current situation of the company has 
however strong influence on the expectations of company’s situation but also 
on expected price changes. Nevertheless, before final results can be provided on 
the estimated parameters the final check of equivalence of company’s situation 
concepts was performed. 

4.4. Test for equivalence of concepts of company’s situation 

The full comparability of the company’s situation concepts in the area of 
current assessments and expectations requires the same measurement scale. The 
set of equality constraints on factor loadings referring to the current assessment 
of company’s situation and expectations of company’s situation was tested. 
Two types of equality constraints were subject to testing. At first it was tested 
whether the same metric can be applied to both these concepts. The same metric 
was imposed with equal factor loadings for corresponding items in 
measurement models (eg IND.CAP.S and IND.CAP.F). The second step was to 
establish equality of thresholds for the corresponding questions. As described in 
Section 3, in the first case the correlations can be reliably compared, which 
implies that the regression coefficients in the structural model can be reliably 
compared between periods. Only in the second case it would be justified to 
conduct reliable comparisons between averages of current assessments and 
expectations. The results are presented in Table 4. 

The results support only metric equivalence of the concepts of company’s 
current and expected situation. It implies that the changes in the concept of 
current company’s situation and expected company’s situation can be 
interpreted the same – one point increase in company’s current situation equals 
one point increase in the expected situation. Thus, the regression coefficients 
involving these two concepts can be compared. Nevertheless, the scalar 
equivalence was not established, which implies that scales measuring the 
concepts have different zero points and that one of them is perceived differently 
than the other. Therefore, although each of these concepts separately possesses 
the feature of scalar invariance, it is not eligible to assess that company’s 
current and expected situation are measured on the same scale. In order to 
check for the difference, estimated thresholds in the model with equal factor 
loadings were compared. They are presented in Table 5. 
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Table 4. Results of sequential testing for the concept equivalence of company’s 
situation. 

Step Model specification (change) 
Chi-square 
difference 

test p-value 
RMSEA CFI TLI 

1. Constraints from the final 
structural model – factor 
loadings for current and 
expected assessment of 

company’s situation allowed 
to differ 

--- 0.072 0.958 0.955 

      

2. Factor loadings equal for 
current assessment and 

expectations 
0.185 0.072 0.958 0.955 

      

3. Factor loadings and 
thresholds fixed equal for 
current assessments and 

expectations 

0.000 0.077 0.949 0.950 

Source: own calculations in Mplus 6.1. 
 
 

Table 5. Thresholds estimated for the concepts of current company’s situation 
and expected company’s situation. 

 IND.PROD IND.ORD IND.EMPL IND.FIN IND.CAP 
Current 

assessment 
(-0.761;1.545) (-0.608;2.776) (-0.843;1.551) (-0.855;1.588) (-0.929;1.539) 

Expectations (-1.609;1.292) (-2.06;2.417) (-1.111;1.62) (-1.22;1.277) (-1.632;1.482) 

Source: own calculations in Mplus 6.1. 
 
In all cases the first threshold is located lower for model of company’s 

situation expectations than for the corresponding model of company’s current 
assessment. In all but one case (IND.EMPL) the second thresholds are also 
located lower for expectations than for current assessments. Taking into account 
that the scale for all questions in the business questionnaire is as follows: 1 – 
better, 2 – the same, 3 – worse, the results imply that it is much easier to score 
higher with respect to expectations than it is with respect to the states. Thus, it 
shows that the Polish companies tended to be less pessimistic with respect to 
the future than with respect to the current assessments. 
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4.5. Implications for the economy and the new mantra  

The estimates of the structural equation model coefficients are presented 
in Appendix 2, while here a discussion on estimates is conducted.  

Current situation of the company has an influence on expectations 
referring the company’s situation. The strength of this relation is however not 
constant between periods and ranges from as little as 0.4 to as much as 0.9. 
Current general economic situation has a strong influence on the situation of  
a company. The strength of this relation seems to be higher after than before the 
crisis. The same is true for expectations of the general economic situation and 
expected performance of the firm. There is a negative influence of the current 
general economic situation on company’s expected situation, but the indirect 
path between the two (GES.F on GES.S and Expected on GES.F) fully 
compensates for this effect. Thus, the negative regression coefficient implies 
only that the positive effect is lower than it might be deduced from the indirect 
path.  

There is a very weak impact of current situation of a company on its 
current stocks. Prices, however, are influenced very moderately but positively 
by current situation – the better the situation, the more room for price increases. 
Current prices are also positively related to the current general economic 
situation. Stocks, although very weakly related to other variables, tend to be 
considerably related in time – current level of stocks strongly influences their 
expected level. The same is true with prices. Their expected changes are 
strongly driven by current changes. It is also the case that expected performance 
of the economy (general economic situation) strongly depends on current 
micro-level assessment.  

As far as the co-movement of stocks and prices is examined, in most 
periods higher prices led to the above-normal level of stocks. It seems to be 
against the stylised facts and indicates that companies are not independent in 
their decisions. In regular situation one should expect that higher level of stocks 
would imply lower level of prices, as firms would be willing to sell their 
additional stocks. Nevertheless, it is possible that companies behave 
countercyclical and reduce their stocks in line with prices thus increasing the 
amplitude of business cycle fluctuations.     

Based on all the conclusions drawn in Section 4 it is possible to formulate 
a mantra in business tendency surveys. If it is limited to the most important 
conclusions from the analysis it might sound in a positive version: ‘If it gets 
better in the economy, it gets even better for me and I have a chance to increase 
my prices, it will also get better tomorrow, but not as much as today.” And in 
the negative one: “If it gets worse in the economy, it gets even worse for me 
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and I have to reduce my prices, it will also get worse tomorrow, but not as 
much as today.’ 

5. Conclusions 

This paper starts a discussion on a way in which responses to business 
survey questionnaire in the manufacturing sector are formed. It is only 
a preliminary analysis, as the analysis should be further extended into 
a panel-type study. With multi-group (multiperiod) analysis we were however 
able to show the following.  

1. There is a concept of company’s situation which is manifested in five 
questions. Thus, a large part of the information from survey responses 
to the questionnaire might be reduced to a single variable. 

2. The same questions are used to define the concept of company’s 
situation with respect to the current assessments and expectations.  

3. Each of the concepts was tested for full measurement invariance and 
passed the test, which means that the values of current company’s 
situation are comparable between periods and the values of expected 
company’s situation are also comparable between periods. 

4. There is additionally metric equivalence of concepts regarding current 
assessments and expectations of company’s situation, which implies 
that their interrelation can be reliably measured. 

5. Most interactions between the latent concepts and other questions from 
the questionnaire are in line with the stylised facts. 

Interrelations between the general economic situation and the current 
situation of company are strong, while prices and stocks are loosely related to 
the concepts of company’s situation and general economic situation. 
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Appendix 1. Set of questions with answers in the st andardised  
questionnaire in the manufacturing industry 

 

Question number 
and code 

Question wording 
Answer categories  

(representing also scale 
points) 

Q1_S 
(IND.PROD.S) 

Your production over the past month 
has... 

+ increased  
= remained unchanged  
- decreased 

Q1_F 
(IND.PROD.F) 

Your production in the forthcoming 3-4 
months... 

+ will increase  
= won’t change  
- will decrease 

Q2_S 
(IND.ORD.S) 

Your order books over the past month 
have been... 

+ above normal  
= normal 
- below normal 

Q2_F 
(IND.ORD.F) 

Your order books in the forthcoming 3-
4 months will be… 

+ above normal  
= normal 
- below normal 

Q3_S 
(IND.EX.ORD.S) 

Your exports order books over the past 
month have been... 

+ above normal  
= normal 
- below normal 
? not applicable 

Q3_F 
(IND.EX.ORD.F) 

Your exports order books in the 
forthcoming 3-4 months will be… 

+ above normal  
= normal 
- below normal 
? not applicable 

Q4_S 
(IND.STOCKS.S) 

Your stocks over the past month have 
been... 

+ above normal  
= normal 
- below normal 

Q4_F 
(IND.STOCKS.F) 

Your stocks in the forthcoming 3-4 
months will be… 

+ above normal  
= normal 
- below normal 

Q5_S 
(IND.PRICES.S) 

Your selling prices over the past month 
has... 

+ increased  
= remained unchanged  
- decreased 

Q5_F 
(IND.PRICES.F) 

Your selling prices in the forthcoming 
3-4 months... 

+ will increase  
= won’t change  
- will decrease 

Q6_S 
(IND.EMPL.S) 

Your firm’s total employment over the 
past month has... 

+ increased  
= remained unchanged  
- decreased 

Q6_F 
(IND.EMPL.F) 

Your firm’s total employment in the 
forthcoming 3-4 months... 

+ will increase  
= won’t change  
- will decrease 
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Q7_S (IND.FS.S) 
Your financial situation over the past 
month has... 

+ improved  
= remained unchanged  
- deteriorated 

Q7_F (IND.FS.F) 
Your financial situation in the 
forthcoming 3-4 months... 

+ will improve  
= won’t change  
- will deteriorate 

Q8_S 
(IND.GES.S) 

The general economic situation 
(irrespectively of the situation of your 
branch and company) over the past 
month has... 

+ improved  
= remained unchanged  
- deteriorated 

Q8_F 
(IND.GES.F) 

The general economic situation 
(irrespectively of the situation of your 
branch and company) in the 
forthcoming 3-4 months... 

+ will improve  
= won’t change  
- will deteriorate 

Q9_S 
(IND.CAP.S) 

Your capacity utilization over the past 
month has... 

+ increased  
= remained unchanged  
- decreased 

Q9_F 
(IND.CAP.F) 

Your capacity utilization in the 
forthcoming 3-4 months... 

+ will increase  
= won’t change  
- will decrease 

Source: European Economy (2006); Survey in the Manufacturing Sector, Research 
Institute for Economic Development, Warsaw School of Economics. 
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Appendix 2. The coefficients in the final structura l model 
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2005Q1 0.635 0.856 1.263 -0.576 0.008 0.196 0.042 0.144 -0.128 0.06 0.81 -0.173 0.697 0.662 0.124 
2005Q2 0.792 0.927 0.961 -0.576 0.025 0.176 0.068 0.312 -0.128 0.266 0.85 0.053 0.691 0.662 -0.173 
2005Q3 0.595 1.272 1.059 -0.576 -0.013 0.145 0.058 0.286 -0.128 0.235 0.749 -0.218 0.91 0.662 0.118 
2005Q4 0.652 1.147 1.364 -0.576 -0.02 0.233 0.054 0.201 -0.128 0.208 0.773 -0.092 0.574 0.662 0.194 
2006Q1 0.633 1.136 1.042 -0.576 0.065 0.13 0.112 0.186 -0.128 0.081 0.753 0.108 0.73 0.662 0.251 
2006Q2 0.745 0.844 0.899 -0.576 0.055 0.181 0.059 0.215 -0.128 -0.206 0.609 -0.038 0.721 0.662 0.103 
2006Q3 0.718 1.045 0.768 -0.576 0.086 0.204 0.076 0.226 -0.128 0.254 1.218 0.116 1.088 0.662 -0.126 
2006Q4 0.661 0.79 1.135 -0.576 0.047 0.196 0.063 0.275 -0.128 0.043 0.735 -0.092 0.49 0.662 0.252 
2007Q1 0.671 0.809 1.259 -0.576 0.06 0.107 0.045 0.239 -0.128 0.046 0.964 -0.119 0.446 0.662 0.121 
2007Q2 0.944 0.885 0.931 -0.576 -0.048 0.295 0.156 0.191 -0.128 0.11 0.8 -0.317 0.537 0.662 0.01 
2007Q3 0.414 0.947 1.174 -0.576 -0.054 0.211 0.128 0.259 -0.128 -0.104 1.229 -0.014 0.576 0.662 0.174 
2007Q4 0.854 0.783 1.262 -0.576 0.022 0.192 -0.018 0.141 -0.128 0.139 1.005 0.221 0.991 0.662 -0.04 
2008Q1 0.664 0.631 1.07 -0.576 0.098 0.289 0.083 0.207 -0.128 0.003 0.755 -0.104 0.458 0.662 0.195 
2008Q2 0.923 0.946 1.285 -0.576 -0.008 0.146 0.001 0.227 -0.128 0.063 0.962 -0.087 0.635 0.662 0.104 
2008Q3 0.816 1.133 1.371 -0.576 0.026 0.193 -0.088 0.168 -0.128 -0.085 0.772 0 0.97 0.662 0.178 
2008Q4 0.816 1.058 1.37 -0.576 -0.031 0.153 0.085 0.254 -0.128 0.019 1.253 0.076 0.808 0.662 -0.045 
2009Q1 0.724 1.075 1.592 -0.576 -0.009 0.273 0.171 0.253 -0.128 -0.101 1.152 -0.159 0.784 0.662 0.015 
2009Q2 0.785 1.015 1.445 -0.576 0.013 0.144 0.102 0.282 -0.128 -0.087 1.082 -0.061 1.128 0.662 0.322 
2009Q3 0.822 1.107 1.394 -0.576 0.067 0.139 0.084 0.21 -0.128 -0.043 1.069 -0.071 1.149 0.662 -0.028 
2009Q4 0.777 1.089 1.221 -0.576 0.039 0.203 -0.024 0.292 -0.128 -0.007 1.21 -0.086 0.839 0.662 0.167 
2010Q1 0.729 1.365 1.603 -0.576 0.093 0.232 0.095 0.297 -0.128 -0.122 1.12 -0.046 0.738 0.662 0.209 
2010Q2 0.743 1.377 1.442 -0.576 0.105 0.112 0.041 0.23 -0.128 0.174 1.093 0.182 0.669 0.662 0.118 
2010Q3 0.649 1.358 1.425 -0.576 0.056 0.158 0.073 0.233 -0.128 0.022 0.868 0.015 0.702 0.662 -0.007 
2010Q4 0.909 1.192 0.966 -0.576 0.034 0.109 0.066 0.18 -0.128 0.022 1.296 0.184 0.961 0.662 -0.272 
2011Q1 0.861 1.187 1.332 -0.576 0.154 0.089 0.079 0.134 -0.128 0.017 1.001 -0.194 0.816 0.662 0.191 
2011Q2 0.668 1.183 1.365 -0.576 0.086 0.129 -0.001 0.175 -0.128 -0.242 0.773 0.019 0.69 0.662 0.036 
2011Q3 0.634 1.337 0.942 -0.576 0.096 0.032 -0.045 0.168 -0.128 0.275 0.884 -0.045 0.603 0.662 -0.04 
2011Q4 0.74 1.386 1.169 -0.576 0.07 0.162 0.079 0.178 -0.128 0.035 1.019 -0.039 0.69 0.662 -0.035 
2012Q1 0.698 1.09 1.241 -0.576 0.02 0.154 0.055 0.195 -0.128 -0.169 0.833 -0.121 0.802 0.662 -0.115 
2012Q2 0.783 1.081 1.274 -0.576 0.175 0.111 0.019 0.134 -0.128 0.032 0.944 0.049 1.093 0.662 0.224 
2012Q3 0.847 1.237 1.186 -0.576 0.077 0.132 0.092 0.233 -0.128 0.087 1.114 -0.103 0.727 0.662 -0.019 
2012Q4 0.87 1.26 1.172 -0.576 0.079 0.174 0.121 0.189 -0.128 0.028 1.152 -0.048 0.878 0.662 0.085 
2013Q1 0.662 1.493 1.347 -0.576 0.099 0.255 0.105 0.221 -0.128 -0.029 1.126 -0.182 0.745 0.662 0.156 

Note: ‘expected’ refers to the concept of expected company’s situation and ‘current’ refers to 
the concept of current company’s situation. 
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The main goal of this paper was to check usefulness of introducing 

measures of the financial markets risk into multivariate forecasting and business 
cycle dating models to improve their predictive and turning points detection 
power. Realised volatility was selected as market risk synthetic measure and 
introduced into two recession dating algorithms: Harding & Pagan (2002) 
mechanical procedure and Markov Switching Dynamic Factor Model  
(MS-DFM) with mixed frequencies and missing data handling. In the 
theoretical part of the article mathematical background of the realised volatility 
concept and MS-DFM model were presented. It was also described how the 
output of the MS-DFM model can be used to date turning points. This approach 
to local maxima detection was compared with Harding and Pagan competitor 
algorithm. In the practical part of the paper recession detection improvements 
stemming from introduction of realised volatility measures into MS-DFM 
model/Harding & Pagan procedure were examined for US and four Western 
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1. Introduction 

This paper was motivated with poor performance of econometric models 
used for short-term forecasting and turning points (TPs) detection during the 
Great Moderation of 2008-2010. Due to this fact there is a constantly growing 
interest in applying selected financial variables to improve applied models 
prediction and business cycle dating power. Beside that there is a need of 
quantifying impact of risk associated with economic agents’ financial activity 
on the real sphere of the economies. Availability of multivariate business cycle 
analysis methods allows to perform nonlinear multi-factor turning points 
detection based both on macroeconomic and financial data. One of the best 
performing models described in the literature is the Markov Switching Dynamic 
Factor Model (MS-DFM) applied also in this paper. 

The goal of this article is to compute realised volatility (RV) measures 
quantifying risk associated with financial activity of economic agents caused by 
shocks affecting economies and then apply these measures in Markov 
Switching Dynamic Factor Models with mixed-frequencies and missing data 
handling to detect business cycle turning points of US and four Western Europe 
developed countries (Germany, France, UK and Italy). Moreover the paper is 
aimed at checking improvement of TPs’ dating models performance (speed, 
accuracy) with a measure of financial risk included in the group of input 
variables in a real-time exercise.  

2. Literature overview 

There is vast literature concerning realised volatility measure theory and 
its practical computations. The good example of such literature is Andersen, 
Bollerslev et al. series of papers (2000, 2001, 2003, 2004, 2007) which 
introduced the mentioned concept and mastered methods of its estimation. 
Meanwhile Corsi et al. (2008) proposed their own approach to RV estimation 
applying Heterogeneous Autoregressive Models (HAR approach).  
Barndorff-Nielsen et al. (2004, 2005) in their two consecutive papers 
decomposed RV into continuous and jump component with bipower variation. 

Univariate Markov switching (MS) models were introduced to economics 
and finance by Hamilton (1988, 1989) due to observed stylised facts of 
periodical nonlinear changes in macroeconomics and market data behaviour. 
Multivariate dynamic factor models (DFMs) were applied by Stock & Watson 
(1989) and then popularised in the series of their seminal works (eg 1998). 
Combination of multivariate Markov switching and DFMs (MS-DFMs) was 
firstly introduced by Chauvet (1998). After that Chauvet & Hamilton (2005) 
presented MS-DFMs practical application in business cycle turing points dating 
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procedure. Recently Camacho & Pérez-Quirós (2009) showed application of 
MS-DFMs with mixed frequency and missing data handling for business cycle 
analysis and forecasting. This augmentation is taken into account in the 
presented model. Finally Chauvet & Piger (2008) compared MS-DFMs with 
alternative TP dating algorithms. 

One of the best-performing methods compared in this work with 
MS-DFMs was Harding & Pagan TPs’ dating algorithm (2002), which is also 
used as a benchmark detection procedure in this article. 

3. Research components 

3.1. Realised volatility concept (RV) 

The mathematical background of realized volatility description starts with 
standard stochastic differential equation used for modeling logarithmic asset 
price as continuous-time jump diffusion process: 
 ����� � 	����� 
 ��������� 
 ��������, 0 � � � �, (1) 
 
where ���� is a logarithmic asset price, 	��� is continuous and locally bounded 
mean process, ���� is continuous and strictly positive volatility process, ���� is 
counting process and ��� determines discrete jumps of ����. Quadratic 
variation for cumulative return (���� � ���� � ��0�) of the process defined 
above comes from the continuous part and squared jumps recorded during 
considered time span �0, ��: 
 ��, ��� � � ���� ����� 
 ∑ ��������� . (2) 
 

Realised volatility (RV) is computed as a sum of squared price returns 
recorded in intradaily periods of time lasting m: 
 

 !�"��#$ � %∑ ��#&','��$/'�&)$ . (3) 

 
For " * 0 RV converges uniformly in probability to the contribution of 

quadratic variation registered in the time span ��, � 
 1�: 
  !�"��#$ * � ���#$� ����� 
 ∑ ���������#$ . (4) 
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Due to RV’s dual characteristics Andersen et al. (2004) suggested that its 
two main components (continuous and jump) should be modeled separately. To 
separate components of RV we follow Barndorff-Nielsen’s (2004) idea of the 
bipower variation: 
 

,!�"��#$ � %	$-� ∑ .��#&','� ..��#�&-$�','� .�$/'�&)� , 	$ � %�/. (5) 

 
It converges uniformly in probability to the continuous part of RV: 

 ,!�"��#$ * � ���#$� �����. (6) 
 

The residual part determines changes of asset’s prices caused by jumps 
associated mainly with shocks affecting an analysed economy (they are left 
bounded to 0): 
 0�"��#$ � "12� !�"��#$ � ,!�"��#$, 0�, (7) 
where !3�"��#$ � ,!�"��#$ * ∑ ���������#$ . (8) 
 

From econometric point of view RV can be modeled with the extended 
Heterogeneous ARCH model (HAR-RV) proposed by Corsi et al. (2008) as 
a linear function of the lagged realised volatilities over different horizons (daily, 
weekly and monthly respectively): 
  !�#$' � 4� 
 45 !�' 
 46 !�-7,�' 
 48 !�-��,�' 
 9�#$. (9) 
 

The model above is able to replicate long memory of realised volatility 
measured with slowly decaying autocorrelation. Jump component is introduced 
to the framework (HAR-RV-J) with an additional variable computed with 
nonparametric measure derived on the previous slide: 
  !�#$' � 4� 
 45 !�' 
 46 !�-7,�' 
 48 !�-��,�' 
 ,$0� 
 9�#$. (10) 
 
 
 
 
 



On the Usefulness of Financial Variables  ...     33 
 

 
 
 

3.2. Markov-switching DFMs with moxed frequencies and missing data 
handling  

Mixed frequencies problem arises when quarterly GDP is combined 
within one model with monthly macroeconomic indicators like industrial 
production (IP) or CPI time series. Approximation of proposed variables 
growth rates proposed by Mariano & Murasawa (2003) is used to combine them 
in one equation: 
 �� � $: "� 
 �: "�-$ 
 "�-� 
 �: "�-: 
 $: "�-;. (11) 

 
Missing data problem is a consequence of modeling within one analytical 

structure mixed frequencies and different deadlines of particular time series 
data publication (ragged edges). To solve this issue the other idea of Mariano & 
Murasawa was applied. Namely, observations which were not available were 

replaced with draws from Gaussian distribution <=�~?@0, �A�BC. 

Markov Switching Dynamic Factor Model (MS-DFM) decomposes  
a group of input time series into two different components: common factors and 
idiosyncratic ones. The last ones are responsible for individual behaviour of 
included series. To model regime changes in the business cycle intercept and 
variance switching approach is chosen: 
 D� � E�� 
 ∑ E$,&D�-& 
 ���F�GH&)$ . (12) 
 

The state variable I� follows the regime-switching Markov process with 
probabilities of transition between states equal to J�I� � K|I�-$ � M� � �&.O. 

The general MS-DFM model structure can be described as: 
 PQ�R�S �

T4$ <$: D� 
 �: D�-$ 
 D�-� 
 �: D�-: 
 $: D�-;C4�D� U 

T$: V$,� 
 �: V$,�-$ 
 V$,�-� 
 �: V$,�-: 
 $: V$,�-;!� U, 

(13) 

 
where 4� groups the factor loading of l monthly time series and !� their 
idiosyncratic components. The components of the matrix !� evolve in 
accordance with the formula: 
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 WO,� � ∑ 1O,&D�-& 
 F�XYH&)$ , F�XY~M. M. �. ? <0, �XY� C. (14) 

 
Described model is estimated with two main methods: 
• Approximated Maximum Likelihood Estimation (MLE) with nonlinear 

Kalman filter described by Kim (1994) and Chauvet (1998); 
• Gibbs sampling (Bayesian Monte Carlo Markov Cahin (MCMC) 

algorithm presented by Kim & Nelson (1999)). 
The choice of Chauvet & Piger (2008) and Camacho & Pérez-Quirós 

(2009) was selected in this paper and combined MLE and nonlinear Kalman 
filter method is applied to estimate MS-DFM model. MS-DFM model’s 
structure is identified with adjusted likelihood ratio (LR) test for a number of 
regimes. For this test Garcia & Perron (1996) computed upper bounds of  
p-values and Ang & Bekaert (2002) determined distribution of mentioned test 
statistics. The lag structure of the model dynamics is chosen with Akaike and 
Bayesian information criterions (AIC, BIC). Two following tables show results 
of LR test of the MS-DFM model structure for the five surveyed countries. 
 
Table 1. LR test 2 vs. 3 regimes 

Country US Germany France UK Italy 
LR 33.6814 37.9379 55.9152 45.4553 49.8167 
df 5 9 10 5 6 

Source: own computations. 
 
In Table 2 sample results of AR structure identification procedure with 

AIC and BIC were depicted. 
 

Table 2. IC US example  

Factor AR structure AIC BIC 
AR(3) -8.9411 -8.6934 
AR(4) -8.9152 -8.6793 

Source: own computations. 
 
The MS-DFM’s turning points dating algorithm used for the practical part 

consists of two rules: one for a local peak and one for a local trough: 
1. Peak at time t if J��I�-$ � 0|Z�-$� [ 0.5 1^� J��I� � 0|Z�� _0.5 1^� J��I�#$|Z�#$� _ 0.5. 
2. Trough at time t if J��I�-$ � 0|Z�-$� _ 0.5 1^� J��I� � 0|Z�� [0.5 1^� J��I�#$|Z�#$� [ 0.5. 
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The results of this algorithm were compared with Harding & Pagan 
procedure output, presented in the paragraph below. 

3.3. Harding and Pagan TPs dating algorithm 

The Harding & Pagan TPs dating algorithm is a mechanical method 
which allows to extract common turning points from the set of time series. 
Steps of the HP TPs dating algorithm can be pointed out as: 

• Extract TPs for each individual time series n = 1, 2, ..., N (eg with help 
of the Bry-Boschan procedure); 

• Group peaks and troughs records of each time series in the sets `J$, J�, … , Jbc, ̀ �$, ��, … , �bc respectively; 
• Define variables dJe,� and d�e,� to measure the distance between 

actual period t and a nearest peak or trough 
• For each t compute median of dJe,� and d�e,�  across n = 1, 2, ..., N; 
• Select local minima and maxima within a sliding window; 
• Remove TPs which are too close (15 months for monthly time series) 

and series of consecutive peaks or troughs. 
Harding-Pagan turning point detection procedure is used in this article as  

a naive (benchmark) business cycle dating algorithm. 

4. Historical time series and real-time database  

Historical time series and real-time database was set up for the time 
period 1990:M1–2010:M12. Historical time series were gathered for period 
1990:M1–2005:M12  and  vintage  database  embraced  time  span 2006:M1–
2010:M12. Financial data used for realized volatility estimation were taken 
from DataStream database and consisted of 15-minute sampling ticks last 
transaction prices. The scope of the data was dependent on the country for 
which the MS-DFM model was applied: 

• US: USD/EUR, DJIA (Dow Jones Composite Average); 
• Germany: USD/EUR(ECU)/DM, DAX 30; 
• France: USD/EUR(ECU), CAC 40; 
• Italy: USD/EUR(ECU), MIB GENERAL; 
• UK: GBP/EUR(ECU), FTSE 100. 
For each country monthly macroeconomic data was also used in the 

estimation (sources: US Federal Reserve Board /FRED/, BEA, Eurostat, ECB 
Statistical Data Warehouse): 

• US: index of industrial production, personal income less transfer 
payments, employees on nonagricultural payments; 
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• Germany: industrial production, retail sales, employment (number of 
people employed); 

• France: industrial production, oersonal consumption, number 
of employees in the private non-agricultural sector; 

• Italy: index of industrial production, private consumption, number of 
employees in manufacturing; 

• UK: industrial production, real household disposable income, 
employment (LFS). 

Also quarterly GDP was used as a real economy reference variable. 

5. Results  

The sequence of the next five figures reports probabilities of recession 
computed with Markov Switching Dynamic Factor Model for the surveyed 
countries. Recession probabilities were computed for two versions 
of the reference model: without (version signed as MS-DFM) and with 
appropriate realised volatility time series included (MS-DFM RV). Achieved 
results were compared with recession periods (highlighted as gray areas) dated 
by National Bureau of Economic Research (NBER) for US and Economic 
Cycle Research Institute (ECRI) for Western European countries. 

As it can be seen from the first picture introduction of RV series into 
modeling framework significantly improved the time lead of 2001 crisis 
detection in the US. It was as well helpful to improve timeliness of the last 
crisis forecast. However it is worthy to notice that inclusion of RV series 
generated also a spurious US recession signal paralelly with outbreak 
of ‘Russian Flu’ crisis in 1998. 

Realised volatility of financial variables were also helpful in improving 
the quality of recession forecasting in the case of Germany and France. 
Similarly to the US situation inclusion of highly volatile financial data 
generated one additional recession signal in 1998. 
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Figure 1. MS-DFM for US. 

Source: own computations. 
 

 

Figure 2. MS-DFM for Germany. 

Source: own computations. 
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Figure 3. MS-DFM for France. 

Source: own computations. 
 

 

Figure 4. MS-DFM for UK. 

Source: own computations. 
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Much worse results are observed for the two remaining countries: UK and 
Italy. These countries avoided recession of 2001 but inclusion of RV series 
caused spurious recession signal at the end of 2000. It seems that high volatility 
of domestic financial data caused by global financial markets turbulences was 
propagated into the recession forecasting model and generated false alarms. 
 

 

Figure 5. MS-DFM for Italy. 

Source: own computations. 
 

In the second exercise the output of MS-DFM (RV) turning point 
detection procedure was compared with the benchmark dating algorithm 
of Harding & Pagan (HP without and with RV data). For the first two countries 
(US and Germany) the lead time of MS-DFM TPs detection was generally the 
same as measured with the HP method. The MS-DFM showed its advantage 
over HP in the case of France giving policy makers one and four more quarters 
to take precautionary actions in 1992 and 2002 respectively. Introduction of RV 
time series changed this picture. In the case of US the application of MS-DFM 
with RV series lengthens the time lead for the 2001 peak to 4 quarters from 2 
quarters for HP RV and to 1 quarter (from 0) for the 2007 local maximum 
Similar differences were noticed in the case of Germany (-4/-1 and 2001, -3/-1 
for 2008 respectively) and France (-6/-10 for 2001). 
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Table 3. US TPs’ dates 

TP MS-DFM MS-DFM RV HP HP RV 
P 1990:Q3 1990:Q3 1990:Q3 1990:Q3 
T 1991:Q1 1991:Q1 1991:Q1 1991:Q1 
P 2001:Q1 2000:Q1 2001:Q1 2000:Q3 
T 2002:Q1 2003:Q1 2002:Q1 2002:Q2 
P 2008:Q1 2007:Q3 2008:Q1 2007:Q4 
T 2009:Q3 2009:Q4 2009:Q3 2009:Q3 

Source: own computations. 
 
 
Table 4. US recession dates 

Peak NBER MS-DFM MS-DFM RV HP HP RV 
1 1990:Q3 0 0 0 0 
2 2001:Q1 0 -4 0 -2 
3 2007:Q4 1 -1 1 0 

Source: own computations. 
 
 
Table 5. Germany TPs’ dates 

TP ECRI MS-DFM MS-DFM RV HP HP RV 
P 1991:Q1 1991:Q2 1991:Q1 1991:Q2 1991:Q2 
T 1994:Q2 1992:Q4 1992:Q4 1994:Q1 1993:Q4 
P 2001:Q1 2001:Q1 2000:Q1 2001:Q1 2000:Q4 
T 2003:Q3 2002:Q3 2003:Q4 2003:Q2 2003:Q4 
P 2008:Q4 2008:Q4 2008:Q1 2008:Q4 2008:Q3 
T 2009:Q1 2009:Q2 2009:Q4 2009:Q1 2009:Q2 

Source: own computations. 
 
 
Table 6. Germany recession dates 

Peak ECRI MS-DFM MS-DFM RV HP HP RV 
1 1991:Q1 0 0 1 1 
2 2001:Q1 0 -4 0 -1 
3 2008:Q4 1 -3 0 -1 

Source: own computations. 
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Table 7. France TPs’ dates 

TP ECRI MS-DFM MS-DFM RV HP HP RV 
P 1992:Q1 1991:Q1 1990:Q4 1991:Q4 1991:Q2 
T 1993:Q3 1993:Q3 1993:Q3 1993:Q3 1993:Q3 
P 2002:Q3 2001:Q2 2000:Q1 2001:Q4 2001:Q1 
T 2003:Q2 2003:Q2 2003:Q2 2003:Q2 2003:Q2 
P 2008:Q1 2008:Q1 2007:Q4 2008:Q1 2007:Q4 
T 2009:Q1 2009:Q4 2010:Q1 2009:Q2 2009:Q3 

Source: own computations. 
 
Table 8. France recession dates 

Peak ECRI MS-DFM MS-DFM RV HP HP RV 
1 1992:Q1 -4 -5 -1 -3 
2 2002:Q3 -5 -10 -3 -6 
3 2008:Q1 0 -1 0 -1 

Source: own computations. 
 

The gained results were not so clear in the case of UK and Italy. Although 
the use of the MS-DFM RV model lengthens lead of 2007/2008 recession 
detection for UK (to 3 from 2 quarters), it didn’t allow to detect in advance the 
business cycle peaks in Italy. 
 
Table 9. UK TPs’ dates 

TP ECRI MS-DFM MS-DFM RV HP HP RV 
P 1990:Q2 1990:Q2 1990:Q2 1990:Q2 1990:Q2 
T 1992:Q1 1992:Q1 1992:Q1 1992:Q1 1992:Q1 
P - - 2001:Q1 - - 
T - - 2003:Q4 - - 
P 2008:Q2 2008:Q3 2007:Q3 2008:Q2 2007:Q4 
T 2010:Q1 2009:Q4 2009:Q4 2009:Q4 2009:Q4 

Source: own computations. 
 
Table 10. UK recession dates 

Peak ECRI MS-DFM MS-DFM RV HP HP RV 
1 1990:Q2 0 0 0 0 
2 2008:Q2 0 -3 0 -2 

Source: own computations. 
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Table 11. Italy TPs’ dates 

TP ECRI MS-DFM MS-DFM RV HP HP RV 
P 1992:Q1 1992:Q2 1992:Q2 1992:Q2 1992:Q2 
T 1993:Q4 1993:Q2 1993:Q2 1993:Q3 1993:Q2 
P - - 2000:Q1 - - 
T - - 2001:Q3 - - 
P 2007:Q3 2008:Q1 2007:Q3 2008:Q2 2007:Q4 
T 2010:Q1 2009:Q3 2010:Q1 2009:Q4 2009:Q4 

Source: own computations. 
 
Table 12. Italy recession dates 

Peak ECRI MS-DFM MS-DFM RV HP HP RV 
1 1992:Q1 1 1 1 1 
2 2007:Q3 2 0 3 1 

Source: own computations. 
 
 
6. Conclusions 

Taking into account the output of the applied models, the achieved results 
of described survey are mixed: 

1. Application of stock and currency markets realised volatility time 
series in MS-DFMs generally helped to increase ‘speed’ of recession 
prediction, but it could be also perceived as a source of false signals when 
financial and real economy situation were decoupled. 

2. MS-DFMs can distort the length of business cycle phases (recession 
phases are shorter usually than official). 

3. Application of Harding & Pagan TPs dating algorithm allows to keep 
phases of a business cycle more consistent with official ones, however using 
this algorithm diminished the lead of TPs’ dating. 

For the future author plans to include into applied the MS-DFM model 
and Harding & Pagan TPs dating procedure volatilities from bond markets and 
examine different specifications of the Markov switching component in the 
DFM structure. 
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Data revision is usually defined as an adjustment published after initial 

value had been announced; it may reflect rectification of errors, availability of 
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1. Introduction 

Data revision can be generally described as an adjustment published after 
the original announcement had been made; it may reflect rectification of errors, 
availability of new information, introduction of new measurement or 
aggregation techniques, etc. Data revisions may be planned or unexpected, 
regular or occasional, major or of little significance. Only recently it has been 
acknowledged in literature that while economic agents have access to real-time 
data only, econometricians who analyse their behaviour usually employ  
end-of-sample databases. Whether this discrepancy influences results of 
economic analyses, and what are the pros and cons of using real time vs.  
end-of-sample datasets, has newly evolved into a separate branch of empirical 
econometrics literature, reviewed in section 3. 

Historically, econometricians tended to ignore the issue of data revisions. 
Most analyses were based on final values accessible at the moment of model 
estimation, and real-time data were not easily available. (Situation has since 
somewhat improved, at least in the US and OECD countries; see section 4.) 
Croushore & Evans point out that ‘since government agencies and private 
sources do not provide these data conveniently, these shortcuts are rarely 
questioned’ (2006, p. 1159). They are questioned in post-2006 literature, 
however, and open a new field of research for applied economists. 

This paper presents a review of literature and databases available for the 
purposes of real-time analysis, and offers an introduction to empirical analysis 
of influence of data vintage on tests of expectations. Several formal methods of 
analyzing expectations are available, among them descriptive statistics, ex post 
forecast errors, tests based on frequency tables, entropy measures, and tests of 
properties of expectations time series. The latter typically consist of testing 
properties associated with Muth rationality: unbiasedness and orthogonality 
with respect to available information. To supplement and improve testing 
procedures, I propose to address the issue of data revisions. Revised values may 
significantly differ from original values, and there may be several steps between 
initial and final – that is, unchanged in any later publications – data. Database 
users may not even be aware that some of the values have been modified, 
perhaps repeatedly, and corrected numbers may significantly differ from 
original ones. It should perhaps be obvious that ‘an economist ex post can use 
several-times revised macroeconomic data, while an investor in real time can 
only use preliminary first releases of macroeconomic data’ (Hartmann 2007,  
p. 7). Let us substitute ‘economic agent’ or ‘decision maker’ for ‘investor’, and 
the magnitude of the data vintage problem becomes evident. 
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Questions that arise in relation to data revisions concern the crucial issues 
of expectations analysis. For example, should initial or final data be used to 
compare expectations with their realizations observed at a later date? To 
quantify survey expectations data? To evaluate unbiasedness and orthogonality 
of expectations time series? Data vintage is likely to influence results of 
quantification procedures and tests of properties of aggregated expectations 
time series. 

2. Definitions 

End-of-sample (EoS) data is usually defined, following Koenig et al. 
(2003), as data from the latest available announcement – that is, from 
researcher’s point of view, final data. It is important to keep in mind that by the 
time researcher uses a database, some or even most of the variables had been 
revised many times, reflecting corrections of errors, newly available 
information, introduction of new measurement or aggregation techniques, 
updating the base period for real variables, etc. On the other hand, real-time 
values (RTV) are initial values, made available by statistical agency (or other 
publisher) directly after their collection; they are ‘snapshots’ taken at 
a particular moment in time. 

To help describe what data is actually available to economic agents when 
they make their decisions (or express expectations, or declare observed changes 
in economic variables), the term ‘vintage’ is used. Following Swanson (1996), 
most researchers (for example, Croushore & Stark, 2002; Kozicki, 2004; 
Hartmann, 2007) define ‘vintage’ as a data set corresponding to the information 
available at a particular date, and ‘real-time dataset’ as collection of vintages. 

To complicate matters, the term ‘final data’ is far from clear. When end-
of-sample values (latest available, as defined above) become truly final? In fact, 
EoS data are likely to present a combination of initial, partly revised, and final 
data. To distinguish between final and partly revised data, Stark & Croushore 
(2002) propose the following interpretations of ‘final’: the latest value 
available; last value before a benchmark revision; value available one year after 
the observation date. In a later paper Croushore (2006a) introduces the term 
‘actuals’ to denote partly revised real-time values. However, it is evident that 
none of these definitions guarantees ‘final’ values in the common sense of the 
word, and does not help in selecting between alternative concepts of actuals in  
a particular empirical study, or evaluate the extent of consequent data revisions. 

Christoffersen et al. (2002, p. 346) identify the following categories: 
• preliminary or first released or unrevised data: first reported value for 

each variable at each calendar date; 
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• partially-revised real-time data: vectors of observations for each 
variable at each calendar date (data vintages); 

• fully revised or final data: revised figures that are no longer subject to 
any revision in the future. 

However, researcher cannot be sure that the variables he or she is using 
will never again be revised; in theory, the revision process can be infinite. 
Definition of ‘end-of-sample’ data must be therefore specified for every 
empirical analysis, and addressed in context of datasets available. 

Several classifications of data revisions are available. Croushore & Stark 
(2002) discuss information-based data revisions (when additional information 
becomes available to correct initial estimates) and structural data revisions (due 
to changes in the system of national accounts, aggregation methods, base years 
for real variables, changes in definitions etc.) Other categorizations found in 
literature distinguish data revisions that are either planned or unplanned, and 
either regular or occasional. 

Generally, published data may be, for lack of a better word, ‘final’ (that 
is, not expected to change) or provisional (that is, subject to planned revision). 
Typical reasons for planned revisions reflect availability of information that 
regularly arrives too late for initial announcements or introduction of seasonal 
adjustments calculated on the basis of data unavailable at the time of the 
original announcement. Unplanned data revisions may result from various 
errors, unplanned modifications of methodology or statistical classifications, 
unpredictable difficulties in data collection and processing, etc. All unplanned 
data revisions are occasional; regular adjustments typically include seasonal and 
other calendar effects. 

Another classification addresses purpose of data revisions. Modifications 
introduced by statistical agencies are meant to reflect the arrival of new 
information which became available only after the initial announcement has 
been made, or correct errors that had been made earlier. Specifically, McKenzie 
(2006, p. 7) lists the following reasons for revisions of official statistics: 

• incorporation of data with more complete or otherwise better reporting 
(eg including late respondents or additional data sources) in subsequent 
estimates. 

• correction of errors in source data and computations. 
• replacement of first estimates derived from incomplete samples when 

more accurate data become available. 
• incorporation of source data that more closely match the concepts 

and/or benchmarking. 
• incorporation of updated seasonal factors. 
• updating of the base period of constant price estimates. 
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• changes in statistical methodology, concepts, definitions, and 
classifications. 

Jacobs & van Norden (2010, p. 1) add one more reason to the above list: 
revisions to national accounts statistics based on analysis of supply and demand 
(input-output) tables. 

Points 5 to 7 on McKenzie’s list draw attention to the fact that revisions 
can also result from reasons external to economic content of variables, such as 
change of the definition of a variable, or weighting procedures used in its 
construction, or similar issues. Revisions of this type, pertaining to definitions 
or statistical procedures and not the economic data themselves, are sometimes 
called spurious revisions. Usually, efforts are made by statistical agencies to 
remove effects of spurious revisions from the published data, and make the 
newly published data set compatible with previous values. Both extent and 
efficiency of these efforts are, however, difficult to determine. 

The question of EoS vs. RTV data can be examined in the wider context 
of news-or-noise framework first introduced by Mankiw et al. (1984) and 
Mankiw & Shapiro (1986). They describe ‘noise’ as opposed to ‘news’ and 
define the latter as efficient messages, incorporating all available and relevant 
information. For the practical purposes of distinguishing between ‘news’ and 
‘noise’ components, Croushore & Stark offer the following description: ‘if the 
revisions are characterized as containing news, subsequent releases of the data 
for that date contain new information that was not available in the earlier 
releases. […] This implies that the revision to the data is correlated with the 
revised data but not with the earlier data. […] On the other hand, if data are 
characterized as reducing noise, subsequent releases of the data just eliminate 
noise in the earlier release […]. In this case, the revision should be uncorrelated 
with the revised data, but correlated with the advance data’ (2002, p. 9-10). 
The news and noise components are subject to testing. For example, Mankiw 
et al. (1984) test whether preliminary announcements of money stock are better 
described by news hypothesis (that is, initial data are rational forecasts of the 
final values, and revisions are caused only by new data becoming available) or 
noise hypothesis (that is, initial announcements are observations of final, or 
revised values but are measured with an error). This strand of research is 
continued in recent literature (see for example Borağan Arouba, 2008, and 
McKenzie et al., 2008). 

Jacobs and van Norden (2010) classify data revisions into an even wider 
field of measurement errors. In addition to ‘noise’ component (which they 
define in terms of uncorrelated measurement errors from different data 
vintages) and ‘news’ component (defined as characterized by measurement 
errors equal to rational forecast errors), they propose to consider a ‘spillover’ 
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component in which measurement errors within a given data vintage are serially 
correlated. 

Typically researchers make every effort to include final (revised) values – 
that is, EoS data – in their analyses of economic variables, hoping to find them 
free from initial errors. Only recently the consequences and benefits of 
employing RTV data has been addressed and analysed. The following reasons 
may be given for the attention this subject has commanded: 

1. As mentioned above, only initial data are available in real time to 
decision makers, and consequently ‘economist who uses revised 
macroeconomic data implicitly makes unrealistic assumptions about 
the timeliness of data availability’ (Hartmann, 2007, p. 2). Ignoring the 
characteristics of information set available to economic agents may 
lead to incorrect conclusions concerning, for example, quality of their 
forecasts. 

2. Real-time economic data enables researchers to reproduce each others' 
research, even in case of projects based on old and since updated data. 

3. Real-time datasets make it possible to evaluate policy decisions using 
data available at the time. 

To illustrate the significance of data vintage selection for results 
of econometric analysis, Croushore & Stark (2002) examine several influential 
papers by F. E. Kydland & E. C. Prescott, R. E. Hall & O. J. Blanchard  
and D. Quah. They focus on impact of data revisions on major macroeconomic 
studies, and comment on robustness of these studies to changes in the data set. 
They obtain mixed results; while some of the analyses are confirmed with real 
time data, and are qualitatively robust for different data vintages, others do not 
‘stand the test of time, either in terms of revisions to the data or in terms of 
additional data’ (p. 17) and prove to be sensitive to the selection of data vintage. 
Croushore & Stark’s work clearly shows that the issue of data vintage and its 
significance for results of empirical econometric studies deserves more 
attention. 

3. Review of literature 

Data revisions have been analysed extensively, if only recently. Even 
though Jacobs & van Norden (2010) look back to 1919, when Persons’ paper 
was published in The Review of Economics and Statistics, they identify the 
launch of real-time data analysis with comparative analyses of GDP from the 
1950s and 1960s. Publication usually credited with launching this branch of 
economic research is the 1955 article by Gartaganis & Goldberger published in 
Econometrica (see Croushore, 2011). Soon, Zellner (1958) compared 
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provisional estimates of quarterly GNP components with their currently 
available (revised and presumably final) values. As early as 1950, Morgenstern 
(1963) pointed out importance of measurement errors in economic data. 
Classified and described by Pierce (1981), and modeled with errors in variables 
by Klepper and Leamer (1984) and Griliches (1986), measurement errors 
created an extensive framework for description and study of data revisions. 

Since then, the field has expanded and produced numerous research 
papers on comparisons of forecasts built on the basis of real-time (initial) data 
and the latest available (final) data, macroeconomic research (including fiscal 
and monetary policy), influence of macroeconomic data revisions on financial 
markets, and current analysis of business and financial conditions. Various 
authors reviewed this literature from different points of view (see Croushore 
2006b, 2011; Hartmann, 2007; Borağan Arouba, 2008; Clements & Galvão, 
2010; Cimadomo, 2011) and offered a variety of classifications of the major 
themes within this field. In this section, I make an attempt to summarise major 
topics and organise them into the following sections: studies of predictability 
and significance of data revisions; studies of frequency and regularity of data 
revisions; analyses of impact of data revisions for macroeconomic forecasting; 
importance of data vintage in policy making and, finally, in empirical finance. 

3.1. Predictability and significance 

This line of literature addresses the following question: how large and 
how systematic are data revisions in key macroeconomic variables? If revisions 
to the data are small and unpredictable, the use of any data vintage would lead 
to qualitatively similar results; if there are large or systematic, conclusions 
drawn from empirical studies may be influenced by data vintage. Beginning 
from the 1980s, publications focus on variables such as money stock and GDP 
(see Mankiw et al., 1984; Mankiw & Shapiro, 1986; Mork, 1987). The majority 
of authors find revisions both large and predictable but there is some 
disagreement on whether they have a significant effect on estimated monetary 
policy rules. Croushore (2006b, 2011) presents evidence that some data 
revisions, even after discounting seasonal adjustments, are systematic and 
predictable and may be a factor in expectations analysis. These findings suggest 
that institutions which publish and revise economic data can introduce 
adjustments in the original (preliminary) values in expectations of future 
revisions, in order to minimise the extent of subsequent updates. However, 
while revisions in some variables are systematic and predictable, they are 
unpredictable or very small in others; generally, Croushore shows that revisions 
do influence quality of forecasts. Borağan Aruoba (2008) confirms these 
results; he finds initial announcements made by statistical agencies biased, and 
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revisions – large compared to initial data. He concludes that revisions are 
predictable with information available at the time of the initial announcement. 
Cimadomo (2011) shows that fiscal data revisions are large, biased and 
predictable, and that different fiscal policies are suggested by use of real time 
data as compared to use of end-of-sample data. 

A summary of previous research on this subject is presented in Arnold 
(2012); on the basis of earlier publications and her own research, she concludes 
that whether announcements are revised systematically, and whether economic 
agents aim at forecasting final or initial values, influences evaluations of 
forecast accuracy, and finds revisions considerable and at least partly 
predictable. 

Empirical analysis has been centered on, but not limited to, United States. 
Faust et al. (2005) confirm predictability of revisions in GDP growth rates in G-
7 countries; in several cases they find updates large and predictable. Golinelli & 
Parigi (2007) evaluate forecasting performance of preliminary releases of GDP 
growth for various vintages of US and Italian data. To summarise, data 
revisions are generally found to be large and, at least to some extent, predictable 
– although whether they are significant for policy making purposes remains to 
be seen. 

3.2. Frequency and regularity 

This strand of literature addresses the crucial question of data revisions: 
when a value can be considered final? Following section 2, revisions may be 
classified as occasional (for example, benchmark revisions) or regular (for 
example, with frequency compatible with publication cycle or seasonality 
patterns). Jacobs & van Norden (2010) propose a framework to distinguish 
regular revisions from ‘surprise’ ones, and first revisions from subsequent 
updates. They conclude that measurement errors introduced by data revisions 
are characterised by complex dynamics which were not included in previous 
models, and propose methods to differentiate between ‘first’ and ‘later’ 
revisions. As far as benchmark revisions are concerned, Kozicki (2004) finds 
them important for monetary policy purposes, and Phillips & Nordlund (2012) 
show that there is a cyclical and seasonal bias in the annual benchmark 
revisions in employment data. In general, both regular and irregular revisions 
seem to influence results of econometric modeling, and including revisions in 
a research procedure is far from straightforward. 

Recently, Franses (2013) finds that data revisions introduce periodic 
properties (that is, seasonal heteroscedasticity and serial correlation patterns) 
into economic data. On the basis of quarterly macroeconomic time series he 
concludes that seasonal characteristics of data change with data vintage. This 
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finding confirms that seasonal adjustments should be based on thorough 
knowledge of seasonality patterns, and that procedures used to eliminate 
consequences of heteroscedasticity and serial correlation on properties of 
estimators should take into account regular data revisions. 

3.3. Macroeconomic forecasting 

This strand of literature focuses on effects of data vintage on specification 
of econometric models and evaluation of forecast errors. Two important issues 
arise within this framework: 

• which data vintage is included in the information set of forecasters, 
and whether forecasts made by economic agents are sensitive to the 
data vintage; 

• which data vintage should be used to evaluate forecasts. 
Historically, the second question has gained more recognition. One of the 

most active researchers in the field of data revisions, D. Croushore, writes: 
‘Before we examine the quality of the forecasts, we must tackle the difficult 
issue of what to use as actuals for calculating forecast errors. […] But 
forecasters are quite unlikely to have anticipated the extent of data revisions to 
the price index that would not occur for many years in the future. More likely, 
they made their forecasts anticipating the same methods of data construction 
being used contemporaneously by the government statistical agencies’ (2006a, 
p. 8). 

One of the first papers that helped to draw attention of economic 
community to issues of data vintage in forecasting is Zarnowitz & Braun’s 
(1992) comprehensive review of quarterly survey of professional 
macroeconomic forecasters. They examine various forecast evaluation 
techniques, some of them based on initial values, others – on revised data. They 
find that forecast errors tend to increase with size of revisions, but there are 
exceptions to this rule, and choice of data vintage does not seem to be a critical 
factor in forecast evaluation. They also stress that a single data vintage is 
unlikely to become a general standard for forecast evaluation, and any choice 
made in a particular case will be arbitrary. 

Since then, many researchers attempted to asses whether use of EoS data 
causes overestimation of predictive value of explanatory variables, or 
influences forecasts quality, as compared with use of RTV values (keeping in 
mind that only RTV data were available when forecasts were initially formed). 
While many papers addressing these issues were published (see Diebold & 
Rudebusch, 1991; Swanson, 1996; Orphanides, 2001; Croushore & Stark, 2001, 
2003; Faust et al., 2003; Orphanides & van Norden, 2002; Stark & Croushore, 
2002; Clements & Galvão, 2010; Croushore, 2012), evidence remains mixed. 
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For example, Diebold & Rudebusch find more predictive power in revised than 
in real-time data, but majority, most forcefully Swanson and Clements & 
Galvão find advantages of real-time data as compared to end-of-sample values 
in terms of minimising the expected squared forecast error. Croushore (2012) 
examines four different definitions of output and inflation, and finds that results 
of tests of forecast bias heavily depend on data vintage. Koenig et al. (2003) 
discuss efficiency of including different vintages of data; they conclude that use 
of real time data can overestimate the forecasting power of a model relative to 
alternative models. 

Croushore (2006b) presents a review of literature on data revisions and 
optimal forecasts, and summarises results of his own research. He offers the 
following general findings: 

• forecasts based on EoS and RTV data differ, and predictive content of 
variables may change as the result of data revisions; 

• forecasts of level variables are revised more often than forecasts 
of growth rates; 

• model choice is influenced by data revisions; 
• number of lags in ARIMA-class models is influenced by choice of data 

vintage. 
Influence of data vintage on macroeconomic forecasting seems therefore 

to be substantial. 
A related issue concerns proper response to data revisions when 

forecasting in real time. It is unclear whether using multiple data vintages 
improves accuracy of forecasts; Croushore (2006b) does not find improvement 
in including (as opposed to ignoring) data revisions; Clements & Galvão 
(2010), using VAR methodology, do find advantages of RTV over EoS data, 
and in a later publication (2011) show that historical (RTV) data supplements 
EoS values for the purpose of real-time policy analysis. The authors see their 
results as the supportive for employment of multiple-vintage models. 

Structural approach has also been used for the purpose of multi-vintage 
analysis of forecasting models. For example, Vázquez et al. (2012) propose an 
extended version of the basic New Keynesian model which includes revision 
processes of output and inflation data in order to assess the importance of data 
revisions on monetary policy and on transmission of policy shocks. They find 
that even though the initial announcements of output and inflation are not 
rational forecasts of revised data, ‘ignoring the presence of non well-behaved 
revision processes may not be a serious drawback in the analysis of monetary 
policy in this framework’ (p. 29). 

A separate strand of literature groups technical papers on forecasting 
revised data in real time using the Kalman filter (see Conrad & Corrado, 1979) 
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and, later on, more advanced methods, among them non-linear and  
non-Gaussian filters (see Mariano & Tanizaki, 1995). Related papers address 
the topic of data vintage in presence of measurement errors (see Harrison et al., 
2005; Jacobs & van Norden, 2010) and modeling multivariate data revisions in 
systems of variables with linear state space models (see Patterson, 2003; 
Croushore, 2006b; Jacobs et al., 2010). State-space models are often used for 
the purpose of vintage data analysis; when revision process in presented in 
state-space form, standard filtering techniques can be used for estimation, 
inference, forecasting and imputation of missing data. Perhaps the most 
comprehensive description was provided by Jacobs & van Norden (2010). They 
place updated series within measurement error models and propose  
a space-state framework designed to model a wide set of measurement errors, 
including data revisions. 

3.4. Policy making  

There are numerous papers on influence of data revisions on monetary 
policy; for example, Orphanides (2001) shows that policy measures based on 
initial data – that is, values available at the time policy decisions were made – 
would be different if undertaken on the basis of revised data. Use of real-time 
data in analyses of fiscal policy has also been extensively studied (see Forni & 
Momigliano, 2005; Golinelli & Momigliano, 2006; Bernoth et al., 2008; 
Cimadomo, 2008; and Beetsma et al., 2009, published under the enticing title 
‘Planning to cheat: EU fiscal policy in real time’). The vast literature has been 
reviewed in Cimadomo (2011), and its major findings were summarised as 
follows: revisions in fiscal data tend to be large and systematic; strong fiscal 
rules promote accurate reporting and smaller revisions; and ‘the ex-ante 
reaction of fiscal policies to the economic cycle is estimated to be more 
“counter-cyclical” when real-time data are used instead of ex-post data’ (p. 30). 
To summarise, monetary and fiscal policy decisions are sensitive to vintage of 
data used for their evaluation. 

What is more, importance of data revisions depends on the type of VAR 
model used; some VAR systems employed for monetary policy analysis may 
not even be identified when vintage of data is adjusted. Croushore & Evans 
(2006) show that ‘the use of revised data in VAR analyses of monetary policy 
shocks may not be a serious limitation for recursively identified systems, but 
presents challenges for simultaneous systems’ (p. 1135). Therefore, data 
vintage may not only influence evaluation of policy decisions, but, more 
significantly, introduce a qualitative change into methodology of analysis. 
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3.5. Empirical finance 

Empirical finance literature includes a number of analyses on usefulness 
of macroeconomic data in predicting stock market returns, following the lead of 
E. F. Fama in the 1970s. While predictive power of macroeconomic volatility 
for stock markets volatility is generally confirmed, data revisions in 
macroeconomic variables, and their influence on financial markets, are usually 
overlooked. 

The last decade brought several papers on effects of data vintage for 
financial analysis. Christoffersen et al. (2002) study implications of real-time 
data use for sensitivity of asset prices to economic news. They find that 
evaluation of dependence of financial returns on macroeconomic data changes 
with data vintage, and may supply misleading results when data availability and 
timing issues are ignored. They particularly stress that importance of measuring 
impact of macroeconomic news on the fact that revisions tend to accumulate 
over time and may be significant, and substantial, in aggregate. 

On the other hand, several researchers find that influence of data vintage 
on financial markets analyses is small or insignicant, or mixed. Hartmann 
(2007) analyses ‘whether using real-time macroeconomic data instead of 
revised macroeconomic data has any implications on the results for empirical 
finance’ (p. 2). On the basis of quarterly data for US, UK and Germany, he 
finds that using real-time instead of revised data does not significantly influence 
out-of-sample predictability of stock returns or of the stock market volatility. 
Also, performance of investment strategies is similar, and even when 
differences between data vintages are substantial and unpredictable, and 
systematic patterns of revisions are observed, they do not significantly 
influence investment performance. The only special case in which results are 
sensitive to data vintage are tests of consistency with a highly structured asset 
pricing model. 

Döpke et al. (2006) also find that effects of data vintage on analyses of 
stock market returns are small and not significant. They show that using  
real-time data does not improve ex ante predictability of stock market returns, 
and whether investors have access to initial or revised macroeconomic data 
does not significantly influence performance of their investment portfolios. 

To summarise, evidence of sensitivity of empirical financial analyses to 
revisions of macroeconomic data remains unclear and calls for further study. 

4. Sources of information on data revisions 

Until recently, analysis of data revisions required painstaking work on 
matching values published in tens (or hundreds) of paper publications over 
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many points in time. In the past two decades, databases containing both  
real-time data and subsequently revised time series became available in the US 
and European countries. Accessibility of these data sets makes it possible to 
assess the extent of data revisions. 

The most comprehensive real-time database is the OECD data set which 
in addition to all OECD countries also includes the Euro zone countries, China, 
India, Brazil, South Africa and the Russian Federation. The Web interface1 
allows access to data for 21 economic variables as originally published in each 
monthly edition of the Main Economic Indicators database from February 1999 
as well as the revisions made to initially published data. The key economic 
variables include Gross Domestic Product and its expenditure components, 
industrial production, production in construction, balance of payments, 
composite leading indicators, consumer prices, retail trade, unemployment 
rates, civilian employment, hourly earnings, monetary aggregates and 
international trade values. Time series dating back to the 1960s are provided for 
some variables. 

The declared purpose of the database is to provide originally published 
data for researchers interested in testing performance (for example, forecasting 
performance) of econometric models in simulated real-time and to provide data 
for studies of influence of data revisions, for example analyses of magnitude 
and direction of revisions to published statistics. 

Another database, widely used in applied research, is the Federal Reserve 
Bank of Philadelphia Real-Time Data Set (RTDS)2. Introduced in Croushore & 
Stark (2001) and credited with generating current interest in the analysis of 
influence of data vintage in economics, it is extensively employed for 
macroeconomic analysis of effects of data revisions and for analysis based on 
real-time data (see Croushore & Stark, 2003; Croushore, 2006b). It provides the 
information set that would be available to a forecaster on a 15th day of the 
middle month in every quarter, starting in 1965 and covering quarterly data on, 
among other variables, real and nominal output, consumption, investment and 
price and employment series. Its limitation is that it covers US data only. 

Another branch of the Fed system, Federal Reserve Bank of St. Louis, 
also publishes vintage data. Its ALFRED database3 (ArchivaL Federal Reserve 
Economic Data, also known as Economic Data Time Travel) provides vintage 
versions of economic data that were available on specific dates in history. The 
database currently covers 65,037 series in 9 categories, with the earliest vintage 

                                                   
1 Database available at http://stats.oecd.org/mei/default.asp?rev=1. 
2 Database available at http://www.phil.frb.org/econ/forecast/reaindex.html. 
3 Database available at http://alfred.stlouisfed.org/ 
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for the Industrial Production Index being 1927. This data set is also limited to 
US series. 

Vintage data for European economies is published by The Euro Area 
Business Cycle Network (EABCN). This organisation seeks to provide an 
interface for policy makers from central banks and other central institutions, 
including the European Central Bank and academic researchers. Its Real Time 
Database4 (RTDB) covers data for the Euro area and other European countries, 
and includes over 200 macroeconomic time series of different vintages, 
acquired from ECB’s Monthly Bulletin reports. 

Less comprehensive sources are sometimes used, for example vintage 
data on labor productivity published by the Bureau of Labor Statistics (see 
Borağan Arouba, 2008). Generally, there seem to be abundant sources of 
economic real time data, however, the most complete of them are limited to 
United States series. 

5. Data revisions in Poland 

To the best of my knowledge, there is no Polish database dedicated to 
collecting real-time economic data. Poland is included, however, in the OECD 
data set described in the previous section. Searching this database demonstrates 
that some of the data remain virtually unchanged in subsequent publications. 
For example, from September 2010 till May 2011, data on civilian employment 
in Poland for the period of third quarter of 2002 – fourth quarter of 2010 have 
not changed5. Similarly, in the same period data on the Consumer Price Index 
(measured as the average changes in the prices of consumer goods and services 
purchased by Polish households with 2005 level = 100) values for January 2008 
– February 2011, published from September 2010 to May 2011, have not been 
adjusted. On the other hand, data on business conditions (namely, the composite 
leading indicator) exhibit modifications across the dataset. From July 2011 till 
April 2012, values for January 2008 – December 2011 have changed 
significantly in many cases. 

For the variables not included in the OECD data set, it is necessary to 
collect historical data from individual paper or electronic publications. 
Publications of the Central Statistical Office (CSO) report the most recent 
version and if any adjustments to earlier data are introduced, the researchers 
have to identify them themselves. CSO occasionally publishes notes on 
revisions. They generally result from conforming with ESA 1995 

                                                   
4 Database available at http://www.eabcn.org/; detailed description published in Giannone et al. 
(2010). 
5 Database accessed in August 2012. 
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(The European System of Accounts, most recently updated in 1995), 
recommendations of Directorate-General of the European Commission 
(Eurostat), continuing efforts to improve quality of statistics, and new legal 
documents of UE (see CSO 2007). These revisions include: 

• revision of national accounts for the years 1995-2004 (in 2005); 
• revision of national accounts; regional accounts were re-calculated on 

the basis of revised data (in 2007); 
• revision of public deficit and central and local government debt for the 

years 2005-2008; they were caused by change of methods of valuating 
income taxes, and including transactions relating to public-private 
partnerships (in 2009). 

National Bank of Poland also publishes occasional announcements on 
data revisions. For example, on June 29th, 2011 National Bank of Poland 
declared continuing negative balance of errors and omissions and, in 
cooperation with the IMF, revised its balance of payments for years 2004-2010. 
Probable revisions in the Polish GDP and other macroeconomic series are 
discussed in financial press and internet forums. For example, on March 22nd, 
2013 The Wall Street Journal has quoted the Ministry of Finance economist, 
Ludwik Kotecki, as saying that ‘economic expansion in Poland is likely to slow 
to 1.5%-2% this year, putting budget revenue under pressure and potentially 
forcing the government to revise its budget deficit goals’6. Nevertheless, 
announcements of the National Bank of Poland and the Ministry of Finance do 
not provide amount of data necessary for systematic analysis of data revisions 
and their influence on the Polish economy. 

To summarise, access to initial or preliminary (and subsequently revised) 
Polish economic data is difficult and constitutes a challenge for empirical 
analysis of effects of data revisions. Any attempt to analyse Polish real-time 
data, and to evaluate influence of data vintage on behavior of economic time 
series, either must be based on data available in the OECD database or will 
require building a specialised data set on the basis of numerous Central 
Statistical Office publications. The latter option, though time-consuming, 
appears promising. 

                                                   
6 ‘Polish Budget Stressed as Growth to Slow’, by P. Wasilewski (2013), The Wall Street 

Journal (http://blogs.wsj.com/emergingeurope/tag/ludwik-kotecki/). 
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Bulletins, announcements and comments published by CSO and other 
government agencies on data revisions concern highly aggregated data only.  
A closer look reveals that less aggregated data are also subject to adjustments. 
As pointed out in my earlier publication (Tomczyk, 2011, p. 161), the Polish 
index of general business conditions undergoes significant revisions; forecasts 
of general business conditions in November 2007 differ by 4 percentage points 
between March 2008 and November 2008. Such noticeable revisions offer an 
opportunity to test whether they influence other economic variables, and 
whether data vintage has a significant impact on the results of empirical 
analysis of Polish time series. As of 2009, there are revisions published monthly 
for seasonally adjusted data (see Table 1). There have been no revisions to 
seasonally unadjusted data since 2009. Corrections introduced in general 
business conditions data seem to result from an update of seasonal factors, but 
this procedure is not acknowledged in CSO publications, and reasons for 
introducing regular seasonal adjustments are not given. 
 
Table 1. Revisions to the indicator of the general business tendency climate in 
manufacturing, seasonally adjusted. 

 
Real-time data (first 

announcement) 

End-of-sample 
data 

(as of June 2012) 
Size of revision 

January 2011 1.7 1.0 -0.7 
February 2011 5.1 4.1 -1.0 
March 2011 4.5 3.4 -1.1 
April 2011 2.1 1.7 -0.4 
May 2011 2.0 1.7 -0.4 
June 2011 2.1 1.6 -0.5 
July 2011 2.5 1.6 -0.9 
August 2011 0.1 0.0 -0.1 
September 2011 -1.4 -1.0 0.4 
October 2011 -0.3 -0.7 -0.4 
November 2011 -1.4 -1.4 0.0 
December 2011 -2.0 -1.7 0.3 

Source: CSO monthly bulletins. 
 

Similarly, there are systematic adjustments to the monthly data for 
the index of sold manufacturing production (see Table 2). 
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Table 2. Revisions to the index of industrial production in manufacturing. 

 
Real-time data (first 

announcement) 

End-of-sample 
data 

(as of June 2012) 
Size of revision 

January 2011 132.2 132.3 0.1 
February 2011 137.9 137.5 -0.4 
March 2011 161.6 161.2 -0.3 
April 2011 146.5 146.7 0.2 
May 2011 151.7 151.8 0.1 
June 2011 153.6 153.5 -0.1 
July 2011 144.0 144.0 0.0 
August 2011 150.6 150.2 -0.4 
September 2011 171.4 170.8 -0.6 
October 2011 164.8 164.8 0.0 
November 2011 165.4 165.0 -0.4 
December 2011 154.2 154.1 -0.1 

Source: CSO monthly bulletins. 
 

The Polish consumer price index (CPI) is also subject to revisions – in 
this case, unlike the index of general business conditions and the index of sold 
industrial production, planned and regular. In March, the Central Statistical 
Office publishes revised values for January CPI in order to account for changes 
of weights in market basket of consumer goods and services. In March 2005, 
new methodology with weight structure based on data gathered in 2002 
National Census was introduced (see National Bank of Poland and Monetary 
Policy Council 2006, p. 11). 

6. Data revisions and testing of expectations 

In section 3.3, the brief review of literature on influence of data revisions 
on macroeconomic forecasting has been presented. Let us address this issue for 
a special kind of forecasts – expectations of economic agents. I propose to 
define expectations as forecasts that are judged reliable and accurate enough to 
form basis for decision making (see Tomczyk, 2011). The following issues call 
for further study: 

1. Since many (perhaps even the majority of) expectations time series are 
gathered through qualitative questionnaires, which data vintage should 
be used in quantification procedures? After all, preliminary values 
available to economic agents may be ‘guesstimates’ that will be later 
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found to be significantly different from revised (final) values, but these 
are all the agents have when they form their expectations. 

2. Which data vintage should be used in evaluating accuracy 
of expectations? Zarnowitz & Braun point out that ‘the final data may 
be issued years after the forecast was made and may incorporate major 
benchmark revisions. That the forecasters should be responsible for 
predicting all measurement errors to be corrected by such revisions, is 
surely questionable’ (1992, p. 19). 

So far, neither extent of data revisions nor their influence on 
quantification procedures or evaluating predictive properties of expectations 
were analysed in Poland, and were rarely addressed in world literature. As far 
as I am aware, only a few papers were published on sensitivity of aggregated 
expectations time series to data vintage. 

Croushore (2006a) evaluates inflation forecasts from the Livingston 
Survey and the Survey of Professional Forecasters using the real-time data by 
examining the magnitude and patterns of revisions to inflation rate. He finds 
that ‘the use of real-time data also matters for some key tests on some variables. 
If a forecaster had used the empirical results from the late 1970s and early 
1980s to adjust survey forecasts of inflation, forecast errors would have 
increased substantially’ (p. 1). He points out that revisions from initial release 
to each of the final versions of data (actuals) tend to vary substantially, and that 
evaluation of expectations errors is sensitive to the choice of actuals. 

In a later paper, Croushore (2012) directly addresses the issue 
of rationality of expectations in presence of data revisions. More precisely, he 
examines whether tests of unbiasedness of expectations based on the Survey of 
Professional Forecasters are sensitive to changes in methodology, selection of 
subsamples and revisions of macroeconomic data used for evaluation of 
expectations. He finds that ‘the results of bias tests are found to depend on the 
subsample in question, as well as what concept is used to measure the actual 
value of a macroeconomic variable’ (p. 1), and that whether bias is found in 
survey forecasts heavily depends on data vintage selected for analysis. He 
describes revisions as ‘significant’, ‘persistent’ and ‘nontrivial in several 
aspects’. 

Arnold (2012), on the basis of extrapolative and adaptive models 
of expectations formation built for individual expert (professional forecasters) 
data, finds that there are no significant differences in expectations formation 
processes for the latest revision and for the initial values. 

On the basis of literature presented above and mixed results found therein 
I believe that three main issues arise when data is revised in context of analysis 
of expectations. 
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First, in regard to process of expectations formation, which data are used 
by economic agents to formulate expectations: end-of-sample (that is, final) or 
data available in real time, or perhaps some intermediate values published 
between the first and final announcements? Do economic agents expect data 
revisions when forming their expectations? Do they consider real-time data to 
be reliable, and do EoS and RTV series differ with respect to reliability? 

Second, when evaluating quality of expectations and their accuracy with 
respect to observed values, should RTV or EoS data be used? Which of these 
types of data should be employed to assess expectations (forecast) errors? 

Third, should RTV or EoS data be used for the purpose of quantification 
of survey data on expectations? Quantification methods (both probabilistic and 
regression-based) require that survey data on values observed by respondents be 
compared with ‘official’ quantitative data series – but should they be  
end-of-sample or real-time data? 

Two general suggestions were offered in my earlier publication (see 
Tomczyk, 2011): 

1. When designing quantification models, survey data should be 
compared with final (EoS) data. Respondents are probably aiming to 
describe error-free final values and not initial ‘guesstimates’, subject to 
adjustments. 

2. When evaluating accuracy of expectations of economic agents, 
particularly whether all information has been employed (so-called 
orthogonality tests), RTV data (that is, available at the moment 
of expectations formation) should be used, even if they were later 
corrected. Expectations should not be evaluated by comparison with 
final values because economic agents, at the time of their formation, 
did not have access to revised data, or to information that would enable 
them to assess the extent of revisions (unless they are predictable 
which has not been proved for Polish data). 

As the review of literature presented in Section 3 shows, there is no 
shortage of literature on effects of data vintage on modeling and forecasting 
economic phenomena. However, the majority of papers is based on highly 
aggregated macroeconomic variables like GDP and money stock, and analyse 
data revision issues in the framework of fiscal or monetary policy. One of the 
reasons for such a focus may be importance of fiscal and monetary policy 
design and evaluation for practical purposes. Another reason, however, may be 
that key macroeconomic data is subject to major and systematic data revisions 
due to the high level of aggregation and numerous difficulties in reporting. 
Those factors cause initial data to be frequently revised and open a window of 
opportunity for researchers interested in studying data revisions. Less 
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aggregated variables – for example, monthly or quarterly series on industrial 
production, prices, or employment – are very rarely, if ever, analysed for issues 
associated with data vintage. I would like to propose to extend analysis of data 
revisions to less aggregated data, keeping in mind that specialised datasets will 
have to be constructed for this purpose. 

As the second sub-field of data revisions analysis I would like to suggest 
the following topic: whether – and if yes, how strongly – results 
of quantification procedures and rationality tests are influenced by data vintage. 
Tests of rationality of expectations in Poland have failed to provide conclusive 
results, and neglecting data vintage issues may be one of the reasons for lack of 
unambiguous conclusions. 

To summarise, I would like to propose that effects of data vintage be 
analysed from the point of view of properties of expectations series as 
explanatory variables in econometric models, quantification procedures 
employed for survey data, and rationality of expectations. Instead of focusing 
on highly aggregated macroeconomic variables, less aggregated monthly data 
should be used for this purpose. There are several reasons for this choice of 
dataset, among them longer time series, avoiding the problem of different 
sampling frequency for various variables, and possibility of comparative 
analysis, since previous research on properties of expectations in Poland was 
based, in significant part, on monthly data. 

There are two additional advantages of employing monthly – and, 
consequently, relatively long – time series. First, cointegration techniques can 
be used, and long-term equilibrium between original and revised time series 
sought. Second, availability of a large sample enables the researcher to test 
properties of expectations in subsamples, and draw conclusions about, for 
example, sensitivity of expectations formation processes or quantification 
procedures to external shocks or phases of economic cycles. In the data revision 
framework, it is possible that behavior of variables in later (that is, based on 
more current data) subsamples differs from early subsamples because of 
difficulties associated with introducing adjustments in quality of goods and 
services (so-called hedonic adjustment). Landefeld & Grimm (2000) show that 
close to 18% of GDP in the United States is deflated by hedonic measures, that 
is, quality-adjusted prices are used. Since hedonic adjustments to already 
published data can be classified as data revisions, another field of research 
opens for economists interested in effects of data vintage on modeling 
economic processes. 
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7. Final remarks 

The purpose of this paper was twofold: to present a review of literature 
and databases available for the purposes of real-time analysis, and to propose  
a framework for future research of effects of data vintage on properties of 
expectations. While empirical analysis of influence of data revisions on 
expectations time series is currently under way, there are three related projects 
which are also worth attention: 

• analysis of predictability of data revisions in Poland; 
• determining a number of periods after which there is no further  

(non-spurious) revisions to data series; this number may differ with 
respect to type and frequency of data; 

• developing real-time datasets with Polish macroeconomic data for the 
purposes of further analysis of data vintage effects. 

I believe that analysis of data revisions may help describe properties of 
expectations and improve quantification procedures and rationality tests, and 
therefore enhance our understanding of behaviour of economic processes. 
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equilibrium selector and determine the degree of aggregate volatility. Fully 
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1. Introduction 

Economic data displays a varying degree of volatility. At times time 
series data produced by economic systems is characterised by a very small 
variance only to experience an unexpected transformation to a new regime 
characterised with a much higher variance. Examples and explanations are 
abundant ranging from time series data generated by financial markets and 
exchange rate markets, to aggregate macro-level dynamics. In this paper, we 
use a tractable general equilibrium model to explain why the degree of volatility 
of an economy can be time-varying. More importantly, we argue that the 
volatility is fully endogenous and it reflects private choices of rational 
economic agents. Specifically, we show that the perceptions of rational 
economic agents with regard to the volatility of the economy can serve as an 
equilibrium selector. In particular, we argue that if rational economic agents 
believe that the economy exhibits a significant degree of volatility, then they 
react, given their beliefs, appropriately and build up buffer stock savings. This 
endogenously effects the process of physical capital formation and in turn 
resultant macro-level dynamics. Naturally, we ensure that the beliefs form an 
equilibrium as well, ie we show that the ensuing macro-level dynamics display, 
in equilibrium, the degree of volatility equal to that originally expected by 
rational economic agents. On the other hand, we show that if rational economic 
agents expect the economy to be stable and the future to be predictable, then 
they respond rationally and choose not to build up buffer stock savings, which 
endogenously affects the process of physical capital formation and in turn the 
dynamics at the macro-level. We show, in this case, that the resulting  
macro-level dynamics is characterised by virtually zero variance verifying the 
original beliefs of rational economic agents and ensuring that the beliefs are in 
equilibrium. In other words, we show in this paper that the degree of volatility 
of an economy is endogenous and it can be chosen within the system by 
rational economic agents. 

The approach presented in this paper differs substantively from that, 
exemplified in a modern and sophisticated treatment of Bloom (2009), 
employed in the rest of the literature. Specifically, we model the process of the 
selection of volatility endogenously and we do not rely on exogenously given 
probability distributions to trigger the transition from one regime to another. 
More importantly, in our model the degree of volatility is selected consciously 
by rational economic agents and is not driven by a specific choice of the 
underlying parameters. In other words, the observed volatility in our model 
reflects the private choices, in response to perceived volatility, of actors 
operating within the system and not a peculiar draw of values for the underlying 
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parameters. Naturally, we formally construct an equilibrium and ensure that the 
actual and the perceived degrees of volatility coincide. Furthermore, in this 
paper we present a novel mechanism that allows the degree of volatility to be 
determined within the system without relying on the existence of exogenous 
coordination devices and, thus, our approach can be viewed as distinct and at 
the same time complementary to that described in the sunspot literature. 

We cast our results in a simple framework that allows for endogenous 
determination of the space of beliefs of economic agents. To achieve our 
results, we allow without ever departing from complete rationality for the 
possibility of endogenous instability in our model. This is done by introducing 
naive agents, originally described by Grossman & Stiglitz (1980), into the 
space of beliefs held by rational agents. Formally, in our model all agents at all 
times are fully rational. However, the assumption of common knowledge of 
rationality is relaxed, and rational economic agents are allowed to presuppose, 
and in equilibrium they do, that some other agents can be naive. Naturally, in 
equilibrium all agents are rational and no agent is naive, as naive agents exist 
only in the space of beliefs of rational agents, not in reality. Naturally, in 
equilibrium, the absence from reality of naive agents cannot be detected by 
rational agents as in equilibrium the observables behave as if naive agents were 
present even though in reality they do not exist. 

In the conceptual sense, our paper is closely related to a very recent and 
elegant contribution by Eyster & Piccione (2012) who study asset pricing when 
economic agents are boundedly rational and possess an incomplete picture of 
the economy, but at the same time remain statistically correct and their beliefs 
with regard to values of prices conform to those actually observed. In this 
paper, we utilise a similar approach; our agents form beliefs with regard to the 
operational structure of the economy; given the beliefs, they act rationally and 
their actions form reality. Moreover, given the beliefs, rational economic 
agents are able to derive the perceived and, at the same time, complete structure 
of the economy, ie our agents know the model. Furthermore, we show that the 
dynamics generated by an economy described with the perceived structure can 
be identical to that observed in reality. In that sense, the beliefs of all agents in 
our model are verified in equilibrium and remain statistically correct at all 
times. Furthermore, the critical distinction between our model and that 
of Eyster & Piccione (2012) remains as agents in their model are boundedly 
rational and agents in our model are fully rational. 

In a similar vein, our contribution differs from that of Kurz & Motolese 
(2011) who explain the endogenoity of risk premia, but rely on a framework 
with heterogeneous beliefs and market dynamics, which is by assumption too 
complex to be learned by economic agents. In this paper, we show, however, 
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that volatility can be endogenous without limiting the learning abilities of 
economic agents. Moreover, in our model, agents, in equilibrium, hold identical 
beliefs. 

Recently, Eusepi & Preston (2011), who study a statistically correct 
feedback mechanism between private decisions at the micro-level and aggregate 
dynamics, contributed a sophisticated model that allows shifts in expectations 
of economic agents to account for macro-level dynamics and the expectations 
themselves to be partially validated. The model presented in this paper shares 
similar features; nevertheless, the key difference remains. In our model 
economic agents are fully rational and are able to derive the correct link 
between their private actions and aggregate dynamics, whereas in their 
contribution, economic agents are boundedly rational and do not understand the 
link between their private actions at the micro-level and aggregate dynamics 
and must exclusively rely on statistical means to verify the consistency of their 
beliefs. 

The contribution of Calvet (2001) shows how different levels of volatility 
can arise endogenously in simple OLG economies under varying degrees of 
market incompleteness. The results of Calvet, however, hinge on the values of 
the underlying parameters being numerically proper. In this paper, on the other 
hand, we show that actors who operate within the system can influence the 
degree of aggregate volatility by taking specific and equilibrium-consistent 
actions. 

Our contribution from a formal perspective provides a constructive proof 
that the notion of a self-fulfilling mistake originally described by Grandmont 
(1998) canfind support in a rational framework. Specifically, we show that 
economic agents, by expecting a given degree of volatility of aggregate 
dynamics, can adjust their private actions accordingly and can in fact influence 
aggregate activity sufficiently to ensure that the observables conform to the 
expected degree of volatility. In that sense, agents in our model are always 
correct as their beliefs imply and remain consistent with the observables. 
However, at the same time, agents in our model err as their beliefs do not 
correspond to the objective truth, as agents in our model, in equilibrium, 
presuppose that some other agents are naive even though that it is not the case. 

The main findings of our paper can be thought of as an extension of the 
results obtained by Sorger (1998) who shows that the form of macro-level 
dynamics can be selected by expectations of economic agents. Specifically, 
Sorger argues that the path followed by the interest rate can be endogenously 
shaped by the beliefs and belief consistent actions of economic agents, and it 
can exhibit random behaviour if economic agents expect it to be random. In this 
paper we obtain analogous results, but with regard to the degree of the volatility 
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of an economy rather than with regard to the path of the interest rate. More 
importantly in Sorger's contribution, agents are boundedly rational, whereas our 
results hold in a fully rational framework. Formally, Sorger derives his results 
under a weaker equilibrium concept, CEE as defined by Hommes (1998); our 
results, on the other hand, hold in a REE, as originally outlined by Lucas 
(1972). 

From the technical point of view, our results are obtained in a general 
equilibrium model based on Matsuyama (1999) and Dudek (2010). Moreover, 
our contribution extends the findings of Dudek (2012) and shows that more 
profound results hold if one allows for risk aversion of economic agents. 
Specifically, we show that perceived volatility determines actions of risk averse 
and rational individuals. Furthermore, we show that the impact of the perceived 
volatility on individual actions and the ensuing equilibrium dynamics can be 
sufficient to ensure that the economy exhibits actual volatility identical to the 
perceived one, and, thus, ensuring that the beliefs of economic agents are in 
equilibrium and at the same time determine the degree of aggregate volatility. 

In addition, we want to emphasize that our contribution touches on 
a different point than that brought in more traditional approaches to the issue of 
endogenous instability and time-varying volatility. Normally, authors, see 
Brock & Hommes (1997), make a point that the economy can be temporarily 
attracted to a given region and display low volatility only to escape, without any 
external stimuli, to a different basin of attraction where the displayed volatility 
is much higher. Such a process of endogenous switching can continue 
indefinitely, and the observed volatility can be time-varying even if shocks do 
not occur. In this paper, we make a drastically different point. Our results do 
not rest on the properties of the underlying dynamical system; they are driven 
by conscious actions of rational and fully optimising agents who form 
expectations, verified in equilibrium, with regard to the degree of volatility. 

There are in total six sections in the paper. Section two outlines the 
model. The following section defines the equilibrium. Consistency of beliefs is 
established in section four. Additional results are discussed in section five. 
Finally, section six concludes. 

2. Model 

We cast our nding in a standard general equilibrium macro model. 
In particular, we rely on a version of the Diamond (1965) OLG model with 
a continuum of measure one of agents entering the economy each period. We 
assume that the preferences of agent M f �0,1� born at time t are represented 
with the following utility function: 
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 g@h$,�& , h�,�#$& B � �i-jklm � 4&�i-jnlokm
, (1) 

 
where 4&,� is a random variable independent across time and across agents, 
representing a preference shock of agent M f �0,1� at time t. To shorten notation 
we denote pqr@4&,� B with 9&,�. Furthermore, we assume that each period 9&,� is 
independently drawn for each agent from distribution st� � such that: 
 � 9&,�u-u �st@9&,�B � 9v. (2) 
 

In addition, we assume that a given agent born at time t earns income Q,$�, 
which can be thought of as labor income in the first period of her life, and that 
she receives income Q�,�#$, which can be interpreted as profit income in the 
second period of her life. Naturally, the agent earns, in the second period,  
a return on her saving. Consequently, we can express the relevant budget 
constraints as: 
 �$,�h$,�& 
 ��& � Q$,� ��Hw�#$& � ��& ��,�#$h�,�#$& =@��#$H �1 � x� 
 ��#$Bw�#$& 
 Q�,�#$, 

(3) 

 
where �$,� denotes the price of a unit of consumption, valued by young agents, 
in period t, ��,�#$ denotes the price of a unit of consumption, valued by old 
agents, at time t + 1; ��#$ denotes the rental price of capital at time t + 1, and 
finally ��H and ��#$H  denote the prices of a unit of physical capital at time t and  
t + 1, respectively. Observe that we have assumed that physical capital is the 
only saving instrument. 

It is our desire to present our results in the simplest framework possible 
even though our underlying problem is fundamentally non-trivial as it involves 
searching for a fixed point in an environment characterised by heterogeneous 
beliefs. Accordingly, to preserve analytic tractability of the model and to ensure 
that the key equilibrium variables can be expressed with closed form solutions, 
we assume that physical capital depreciates fully after one period, ie that: 
 x � 1. (4) 
 

The problem of agent i born at time t is to form assessments of her future 
income and to choose the optimal amount saved at time t. In general, agents in 
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our model must deal with uncertainty as the future incomes are not known in 
advance. Consequently, we assume that agents are expected utility maximisers. 
Now, given the assumptions we can express the problem of an agent M f �0,1� 
born at time t whose information set is denoted with: 
 "12yzlokm {|}g@h$,�& , h�,�#$& B|~�&� � �i-jklm � 4&�| Pi-jnlokm |~�&S, (5) 

s.t. 

h$,�& � Q$,��$,� � ��H�$,� w�#$&  

h�,�#$& � �lok�n,lok w�#$& +
�n,lok�n,lok. 

(6) 

 
Obviously, we can rewrite the problem described with equations (5) and 

(6) in an equivalent form as: 
 

"12yzlokm { � i-��k,l�k,l- �l��k,lzlokm � � 4&�| Ti-� �lok�n,lokzlokm #�n,lok�n,lok�|~�&U. (7) 

 
Naturally, the relevant first order condition is given by: 

 

�l��k,l i-��k,l�k,l- �l��k,lzlokm � � 4&�| T �lok�n,lok i-� �lok�n,lokzlokm #�n,lok�n,lok�|~�&U. (8) 

 
The above efficiency condition defines implicitly the optimal amount 

saved by agent i at time t. The condition appears be, in general, non-tractable. 
However, the specification of the supply side in our model, based on 
Matsuyama (1999) (see Dudek (2010) for details), allows us to derive a closed 
form solution for w�#$& . 

Observe that to solve for w�#$& , agent i must form assessments 
of the values of two period t + 1 variables. In particular, the agent at time t must 
assess the real value of the future real rental price of capital, 

�lok�n,lok, and the real 

value of her future income, 
�n,lok�n,lok. Typically, those future variables of interest 

are complicated functions of future fundamentals. However, in our model, again 
based on Matsuyama (1999) and described in detail by Dudek (2010), the 
relevant expressions take a very simple form. Specifically, we have: 
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��: ��#$��,�#$ � � (9) 

and ��: �n,lok�n,lok � ��w�#$, (10) 

 
where � and � are constants and w�#$ denotes the value of period t + 1 capital 

stock, given in equilibrium by w�#$ � � w�#$O$� �K. Naturally, the functional 
form of (10) reveals that the aggregate production function assumes a linear 
form at a certain stage of production, again see Matsuyama (1999) and Dudek 
(2010) for a detailed description. 

Furthermore, the specification of the supply side in our model allows us 
to establish that: 
 

��: ��H�$,� � 1 (11) 

and ��: �k,l�k,l � �w��, (12) 

 
where � is a constant and E f �0,1�. Naturally, the functional form of (12) 
reveals that the aggregate production function assumes a Cobb-Douglas form at 
a certain stage of production, again see Matsuyama (1999) and Dudek (2010) 
for a detailed description. 

Obviously, our assumption of complete rationality implies, in particular, 
that all agents at all times are aware that properties (9), (10), (11), and (12) 
hold, which can be formally stated as: 
 �M, �: � �lok�n,lok � �, �n,lok�n,lok � ��w�#$, �l��k,l � 1, �k,l�k,l � �w��� � ~�&, (13) 

 
which in turn allows us to express the first order condition, (8), as: 
 i-@�zl�-zlokm B � 4&�| P�i-@�zlokm #��zlokB|~�&S. (14) 

 
Now, using simple properties of the exponential function, we can, noting 

that w�#$& f ~�&, rearrange equation (14) to: 
 i-�zl�izlokm � 4&��i-�zlokm |}i-��zlok|~�&�, (15) 
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which now allows us to identify w�#$&  as, recall that 9&,� � pqr@4&,� B, 
 w�#$& � $$#� y9&,� 
 pqr��� 
 �w�� 
 pqr@|}i-��zlok|~�&�B{. (16) 

 
In what follows we assume for purely aesthetic reasons that the value1 of �, defined with equation (9) and reflecting deeper parameters of the model 

described in detail in Dudek (2010), is equal to 1. Consequently, we can rewrite 
equation (16) in a more transparent form: 
 w�#$& � $� y9&,� 
 �w�� 
 pqr@|}i-�zlok|~�&�B{. (17) 

 
Observe that, given the simplicity of the model, to solve explicitly for the 

optimal amount saved, w�#$& , agent i must, at time t, given her information set ~�&, form an assessment of a single future variable, w�#$. 

In fact, w�#$ � � w�#$O$� �K is determined at time t and, naturally, it reflects 
private saving decisions of all agents K f �0,1� taken at time t. Nevertheless, in 
this paper we assume that w�#$ is not known to agent M f �0,1� at time t; ie we 
have: 

 ��, M: w�#$ � ~�&. (18) 
 

In other words, we assume that agents at time t do not know w�#$; 
however,   they   are   of   course   aware   that   the   actual   value  of w�#$ � � w�#$O$� �K reflects their private actions yw�#$O {Of��,$� taken at time t, and 

naturally they explore the link between their private actions and the value of the 
aggregate capital stock in their decision making process. Alternatively, we can 
state that economic agents in our model understand that private saving 
decisions at time t determine the aggregate capital stock at time t + 1. However, 
they do not not observe2 private saving decisions of other agents at time t and 
consequently are not able to find w�#$by a simple aggregation process, w�#$ 
                                                   
1 Our choice of a numerical value for � just eliminates a constant from the equilibrium 

equations without affecting the main findings. 
2 It is impossible in this model to infer the amount invested by observing the relative price of 

capital as by assuming economic agents in our model save the unconsumed part of their 
purchases, and consequently the relative price is always equal to 1. 
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 � � w�#$O$� �K, in real time at time t. Naturally, we assume that the value of w�#$ 

becomes common knowledge at time t + 1, ie we have ��, M: w�#$ f ~�#$& . 
The optimal amount saved by agent i is dictated by equation (16). 

Moreover, being fully rational, agent i is aware that analogous equations dictate 
the behavior of other agents K f �0,1�. Consequently, agent i can easily derive 
the relationship that describes the evolution of the aggregate capital stock across 
all agents. In particular, we have: 
 w�#$ � � w�#$O$� �K �$� �� 9O,��K$� 
 �w�� 
 � pqr@|}i-�zlok|~�&�B$� �K�. 

(19) 

 
We have already assumed that w�#$ is not observable by agent i at time t. 

However, agent i is aware that relationship (19) holds. Consequently, agent i 
can attempt to infer the actual value of w�#$ by searching for a fixed point 
defined with equation (19). Naturally, finding the actual value of w�#$ need not 
be simple, as the information sets are not identical across agents, and typically 
requires agents to form expectations of others' expectations then averaging them 
out and consequently solving an algebraic equation. Such problems are not 
trivial as originally pointed out by Townsend (1983) and more recently by 
Hellwig & Veldkamp (2009). However, in this paper we assume that agents do 
embark on problems of that complexity. 

3. Equilibrium 

The evolution of the state variable is described with equation (19), and the 
individual behavior of agent M f �0,1� is dictated by her best response 
represented with equation (16). In this section, we use the two equations to find 
the evolution of ̀w�c in equilibrium. 

Naturally, there is a well established procedure that allows to solve 
equation (19). Specifically, typically it is assumed that all agents are rational 
and that it is common knowledge that they are rational. Given those 
assumptions it is possible to identify, which we do below, the equilibrium path. 
Occasionally, authors3 depart from the assumption of complete rationality and 
postulate dierent forms of boundedly rational behaviour and then solve for the 
equilibrium accordingly. In this paper, we take a middle ground. We always 

                                                   
3 There exist numerous contributions that resort to bounded rationality. See Eyster & Piccione 

(2012), Eusepi & Preston (2011), Kurz & Motolese (2011), and Sorger (1998) for examples of 
approaches relevant to the topic of this paper. 
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adhere to the assumption of complete rationality on the part of all agents. 
However, we relax the assumption of common knowledge of complete 
rationality and solve for the equilibrium accordingly. 

Observe that there is no extrinsic aggregate uncertainty in the model. If 
anything, we only have idiosyncratic noise that washes out in equilibrium 
subject to the qualication of Judd (1995). Therefore, it might be reasonable to 
assume that w�#$  is not random. Formally, if `w�#$c is not random and this fact 
is commonly known (more precisely it constitutes common knowledge) then we 
can simplify equation (19) to: 
 w�#$ � �� 9O,��K$� 
 �w�� 
 � pqr�i-�zlok�$� �K�, (20) 

 
which in turn reduces to: 
 w�#$ � $�#� �� 9O,��K$� 
 �w���, (21) 

 
and further, noting (2), to: 
 w�#$ � $�#� `9 v 
 �w��c. (22) 

 
Naturally, equation (22) confirms that indeed w�#$ is nonrandom, 

verifying the initial belief commonly held by economic agents. More 
importantly, equation (22) implies that the economy converges to a steady state 
with a fixed value of physical capital implying zero asymptotic volatility. 

In other words, the solution to our problem, the form of the equilibrium, 
can take a particularly simple form. If economic agents are rational, and it is 
common knowledge that they perceive w�#$ as nonrandom from the perspective 
of period t, then indeed w�#$ is deterministic and converges to a steady state. 
However, we argue below that it is not the only possibility. In particular, we 
show that ̀w�c can exhibit permanent volatility consistent with agents' beliefs. 

Equation (19) that determines the evolution of the value of the economy 
wide capital stock is affected by the beliefs of economic agents, y~�O{Of��,$�. 
Consequently, our assumptions about the structure of the beliefs are crucial for 
the determination of the actual law of motion. We have already argued that in 
the case when all agents are rational and it is common knowledge that all 
agents are rational and perceive ̀w�#$c as nonrandom, then equation (19) can 
be easily solved implying, in particular, a nonrandom value of ̀w�#$c validating 
the initial belief. However, agents while remaining fully rational can hold other 
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beliefs with regard to ̀w�#$c and the behaviour of other agents. Specifically,  
a given rational agent, M f �0,1�, who is naturally aware of the form of equation 
(19), can express doubts about the ability of other agents to privately solve 
equation (19), which involves heterogeneous information sets. Observe that 
agents in our model do not observe private actions of other agents. Therefore, it 
need not be always proper to outright believe for rational agent, M f �0,1�, that 
the remaining agents are rational as well. If anything, rational agent, M f �0,1�, 
can eventually learn that remaining agents are rational as well by performing 
proper tests on observables, series `w�c���. Furthermore, if doubts with regard 
to rationality of other agents are actually expressed, then a given rational agent, M f �0,1�, must4 take into account her beliefs and solve accordingly for the 
equilibrium. Naturally, it must still be the case – given the assumed rationality 
of agent M f �0,1�, that the beliefs remain consistent with the observables. 

In other words, the solution to equation (19) is very simple if we assume 
that all agents are rational and it is common knowledge that they are. However, 
as we argue below, the solution can be much more complex in the case when 
one of the two assumptions is relaxed. Both assumptions: complete rationality 
on the part of all agents and the fact that it is common knowledge that all agents 
are rational have been criticized. In particular, in a recent contribution 
Strzałecki [22] explores how outcomes are affected if the assumption of 
common knowledge of rationality is relaxed. In this paper we follow a similar 
path. We adhere to the assumption of rationality on the part of all agents, but 
we choose to lift the assumption that rationality constitutes common 
knowledge5. Formally, we make the following assumption. 

 

Assumption #1. At all times all agents are fully rational. However, it is not 
common knowledge that they are. 

 

Let us now proceed by describing the mind set, the belief structure, of 
rational agent M f �0,1�, who maintains at time t that: 

• agents K f �0, 2v� � `Mc are fully rational as well and share her view of 
the world; 

• agents K f �2v, 1�\`Mc  are naive and use simplied rules to assess the 
values of future variables; 

                                                   
4 See Caremer et al. [5] for an illustration of what occurs if that is not the case. 
5 These words are being written at the time of the 2013 North Korean crisis. Contrary to the 

standard practice the US policy makers are hesitant to assume that the other party is rational. 
Consequently, the rationality of the other side or its lack has become the key determinant of 
the American best response. 
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• agents K f �2v, 1�\`Mc are naive and are aected by a common preference 
shock. 

Furthermore, we assume that rational agent M f �0,1� considers 2v to be  
a time-invariant constant common to all agents. Moreover, rational agent M f �0,1� believes that naive agents who exist in proportion 1 � 2v find equation 
(19) to be too complex and are not able to solve the equation in a rational 
manner. Consequently, they resort to basic econometric exercises to assess the 
value of w�#$. Specifically, agent i believes that naive agents each period 
estimate with a simple OLS technique the coefficients of the following 
relationship: 
 w�#$ � w� 
 ��w� � w�� 
 W�#$, (23) 
 
where W�#$, for    [ � � 1, denotes the error term. 

Let w�¡ and �¢ denote the estimates of w� and � using the sample of available 
data. The estimates simply correspond to the sample mean and first order 
autocorrelation of w� � w����-$ and are in equilibrium time-invariant. In 
addition, let sX� � be the distribution of the error term. Naturally, we assume 
that rational agent, M f �0,1�, believes that naive agents are good 
econometricians, ie that they use a well specified model with the error term, W�#$, uncorrelated across time. 

Naturally, a given rational agent, M f �0,1�, has the capacity needed to 
mentally redo the exercise of naive agents who are just presupposed to exist. 
Specifically, it is still true that the intertemporal choice of a given naive agent, K f �2v, 1�, are dictated by an analog of equation (16), given below: 
 w�#$O � $� y9O,� 
 �w�� 
 pqr@|}i-�zlok|~�O�B{. (24) 

 
However, now rational agent, M f �0,1�, believes that naive agents, K f �2v, 1�, use the results obtained with their econometric exercises to assess the 

value of w�#$. Consequently, we can write: 
 w�#$ � w�¡ 
 �¢<w� � w�¡C 
 W�#$, (25) 

 
which when combined with equation (24) yields: 
 w�#$O � $� �9O,� 
 �w�� 
 pqr <| Pi-�@z�¡#£¤@zl-z�¡B#X¥okB|~�OSC�. (26) 
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Now, using basic properties of the exponential function we can, noting 

that w�¡ 
 �¢<w� � w�¡C is not random, rewrite the above relationship as: 

 w�#$O �$� �9O,� 
 �w�� � � �w�¡ 
 �¢<w� � w�¡C� 
 pqr@|}i-�X¥ok|~�O�B�, 
(27) 

 
which further reduces – note that we assume that all naive agents follow the 
same steps hence they share the knowledge of the distribution of W�#$ – to the 
following: 
 w�#$O � $� �9O,� 
 �w�� � � �w�¡ 
 �¢<w� � w�¡C� 
 �¦,X� �, (28) 

 
where �¦,X� � pqr <� i-�Xlok�sXu-u �W�#$�C, (29) 

 
is a constant6. 

Equation (28) defines the optimal amount saved by a given naive agent, K f �2v, 1�\`Mc. We want to emphasise again that no agent in the model actually 
behaves in line with equation (28), as naive agents whose behaviour equation 
(28) captures are just presupposed to exist. In fact, equation (28) represents the 
imputed, by rational agents, M f �0,1�, behaviour of naive agents K f �2v, 1�\`Mc 
who do not exist. 

Now, rational agent, M f �0,1�, can use equation (28) to find the amount 
invested by all naive agents. Specifically, we have 
 w�#$b � � w�#$O$§v �K � $� � 9O,��K 
 $-§v�$§v ��w�� � � �w�¡ 
 �¢<w� �

w�¡B� 
 �¦,X� �. 
(30) 

 
Recall that the objective truth by assumption, equation (2), is that y9&,� � pqr@4&,�B{&f��,$� are i.i.d random disturbances such that the mean of 9&,� 

                                                   
6 Note that typically the distribution of v is not normal. Hence, we cannot simplify equation (29) 

further. Moreover, �¦,X�  is not quite proportional to the variance of v, thus, the subscript lv 
rather than v. Nevertheless, �¦,X�  is always a constant. 



Volatility as a Choice              85 
 

 
 

is equal to 9v. Therefore, we can always write, subject to the qualication of Judd 
(1995), that: 
 $¨n-¨k � 9O,��K¨n¨k � 9v, (31) 

 
and, in turn, simplify equation (30) accordingly. In this paper, however, we 
follow a dierent approach. Specifically, we assume that a given rational agent, M f �0,1�, believes that naive agents are impressionable and they are subject to 
waves of optimism and pessimism similar in nature to sentiments described by 
Angelatos & La’O (2012). Consequently, rational agents believe that the 
preference parameters y9O,�{ of naive agents rather than being i.i.d. in nature 
evolve in a correlated manner. Note that those assumptions are made on the 
beliefs of the rational agents with regard to naive agents who in fact do not 
exist. For analytical convenience we assume that rational agents believe that 
naive agents at a given point in time are all hit with the same preference shock. 
Formally, we have: 
 �K f �2v , 1�\`Mc|9O,� � 9�, (32) 

 
where 9� is drawn from a specic distribution7, ©t� �. Naturally, we assume that 
the preference shock purportedly affecting naive agents at time t is not 
observable by rational agents at time t, ie: 
 ��, M|9� � ~�&. (33) 

 
Furthermore, we assume that rational agents believe that 9� is 

uncorrelated across time. 
Naturally, we can now, given the incorrect belief of rational agents, 

translate equation (31) to: 
 $$-§v � 9O,��K$§v � 9v, (34) 

 
which allows us to express the amount invested by naive agents as: 
 

                                                   
7 Observe that formally there is no reason to assume that ©t� �  is in anyway related to st� �  

as the former exists only in the space of beliefs of rational economic agents and the individual 
preference shocks of other agents are not observable. 



86       Maciej K. Dudek 
 

w�#$b � $-§v� �9� 
 �¦,X� 
 �w�� � � �w�¡ 
 �¢<w� � w�¡C��. (35) 

 
So far we have characterised the behaviour of naive agents as perceived 

by rational agents. Now, we determine the actual behaviour of rational agents. 
Note that the individual investment of rational agent, M f �0,1�, is always given 
by: 
 w�#$& � $� y9&,� 
 �w�� 
 pqr@|}i-�zlok|~�&�B{. (36) 

 
Furthermore, rational agent, M f �0,1�, recognises, given her beliefs, that 

the value of the period t + 1 capital stock, w�#$, is jointly determined by actions 
of rational and naive agents. Consequently, we have w�#$ � w�#$ª 
 w�#$b , 
where w�#$ª  denotes the level of investment of rational agents and w�#$b  denotes 
the level of investment of naive agents. Now, using equation (35) and 
recognising that all rational agents share the same view of the world, it is 
straightforward to establish that (see Appendix A for details) the total amount 
invested by rational agents – as perceived by rational agent, M f �0,1� – is: 
 w�#$ª � §v�#�§v ��¦,t� 
 9v � � $-§v� �¦,X� 
 <1 � $-§v� �C �w�� 


$-§v� ,� �w�¡ 
 �¢<w� � w�¡C��, 
(37) 

where �¦,t� � � i-�k«¬�n tl�u-u ©t�9��. (38) 

 
Consequently, the total investment at time t, according to a rational agent, M f �0,1�, is given by w�#$ � w�#$ª 
 w�#$b , which leads to: 

 w�#$ � §v�#�§v @�¦,t� 
 9vB 
 $-§v�#�§v �¦,X� 
 $�#�§v �w�� � $-§v�#�§v , �w�¡ 

�¢<w� � w�¡C� 
 $-§v� 9�. (39) 

 
Naturally, now, we can write the amount invested by a single rational 

agent, M f �0,1�, as: 
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w�#$& � $� �9&,� 
 �®,n̄ -°§vt±-°�$-§v�®,²n
�#°§v 
 �-�$-§v�°�#°§v �w�� 
 °n�$-§v��#°§v �w�¡ 


�¢<w� � w�¡C��. (40) 

 
Recall that a given rational agent believes that naive agents exist in 

proportion 1 � 2v and are affected by waves of optimism and pessimism 
modeled as a common  preference  shock 9�.  Accordingly, a rational agent,  M f �0,1�, believes that actions of naive agents destabilise the economy. 
Specifically, given the mindset of rational agent, M f �0,1�, this instability 

manifests itself with the error term, 
$-§v� 9�, in equation (39), which describes the 

aggregate law of motion of state variable `w�c. In other words, rational agents 
believe that correlated preference shocks affect the behaviour of naive agents 
and in turn feed into the aggregate dynamics. Naturally, rational agents, given 
their mindsets, take this uncertainty into account in their decision-making 
process. Believing that the aggregate capital stock follows a random process, 
rational economic agents build buffer stock savings. This rational response to 
perceived uncertainty is captured, in particular, by �¦,t�  in equation (40) 
describing the optimal behaviour of rational agent, M f �0,1�. 

Equation (39), describing the evolution of the state variable, reflects the 
mindset of rational agent, M f �0,1�. In other words, it constitutes the perceived 
law of motion of the aggregate variable. Nevertheless, the actual law of motion 
is different. Recall that by assumption all agents are rational and some agents 
are just presupposed to be naive. Therefore, the true value of the aggregate 

variable at time t + 1 is given by w�#$ � � w�#$& �M$� , where w�#$& , given by 
equation (40), represents the investment of a single rational agent at time t. 
Aggregating across all agents and noting that person-specific preference shocks y9&,�{ are i.i.d. in nature, we can write the expression describing the actual law 
of motion as: 
 w�#$ � $�#�§v ��¦,t� 
 9v � , $-§v� �¦,X� 
 <1 � $-§v� ,C �w�� 


$-§v� ,� �w�¡ 
 �¢<w� � w�¡C��. 
(41) 

 
The actual law of motion, equation (41), is affected by a series of 

parameters. Those parameters can be split into several categories. Some 
parameters: B, A, 9v, and E reflect the fundamentals of the economy, 
preferences, resources and technology, and are always fixed and cannot be 
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changed by economic agents. The parameter 2v is different in nature. It reflects 
the beliefs of rational economic agents. Consequently, its value can be and is 
chosen by economic agents. Naturally, the choice of 2v must be such so that the 
beliefs remain in equilibrium themselves. In other words, 2v is not really  
a parameter but rather an equilibrium variable whose value ensures that rational 

economic agents do not want to revise their beliefs. Furthermore, �¦,X� , w�¡ and �¢ 
are not really parameters but rather endogenous variables whose values are 

determined in equilibrium and are time-invariant. Recall that w�¡ and �¢  are 
obtained as OLS estimates of the cofficients equation (23) using sample data, 
and �¦,X�  captures the degree of variation of the errors from the same equation. In 

other words, parameters �¦,X� , w�¡ and �¢ depend on the sample data obtained with 
equation (41) but at the same time influence equation (41). Consequently, they 
must be considered to be endogenous variables whose values are not directly 
affected by consumers. Finally, the parameter �¦,t�  reflects the beliefs of rational 
agents and, consequently, a priori it can assume any value. However, it also 
affects the actual law of motion and its value must be such to ensure that values 
generated by the actual law of motion are consistent with the assumed value of �¦,t� . In other words, it must be again the case that the beliefs of rational agents 
remain in equilibrium. 

In particular, note that agents' perceptions with regard to the volatility of 
the system affect the actual law of motion as terms �¦,t�  and �¦,X�  capture the 
rational response, which is buffer stock saving, of agents to perceived 
uncertainty. 

Naturally, the evolution of the state variable is captured with equation 
(41). However, to truly complete the description of the equilibrium, we must 
show that the beliefs of agents remain in equilibrium as well. We embark on 
this task next. 

4. Consistency of beliefs 

Observe that, in fact, the true values of the state variable are always 
dictated with equation (41), which is different from the perceived law of motion 
given by (39). Moreover, rational economic agents are assumed to use standard 
mathematical tools to derive equation (39) and are convinced that the state 
variable follows (39), whereas in fact it obeys (41). Naturally, rational 
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economic agents in our model are incorrect8. Therefore, to ensure that the 
economy remains in equilibrium, we must show that rational economic agents 
do not have any incentive to revise their beliefs, ie we must show that beliefs 
held by rational economic agents remain in equilibrium. 

First observe that the actual values of the state variable follow equation 
(41) and are observable. Moreover, note that rational economic agents are not 
aware that equation (40) exists. Nevertheless, rational agents can, at time t, 
collect data on observables, sequence yw¡�{��� and can attempt to reconcile the 
observables with the perceived law of motion. Specifically, at any point in time 
a rational economic agent, M f �0,1�, can confront her privately derived 
description of reality, equation (39), with observables yw¡�{���. Such  
a confrontation can always be successful. It suffices to assume that the 
sentiment shocks affecting naive agents, 9�, assume proper values given by: 
 9� � �$-§v �w¡�#$ � $�#�§v }2v@�¦,t� 
 9vB� 
 �1 � 2v��¦,X� 
 �w¡�� 


�1 � 2v�, �w�¡ 
 �¢<w� � w�¡C��. 
(42) 

Naturally, equation (42), given observables yw¡�{���, implies values of 9� 
and we must ensure that these values form a histogram consistent with the 
assumed distribution of shocks, ©t� �. Furthermore, given the assumed beliefs 
of rational agents we must show that the implied values of shocks are 
uncorrelated across time. Finally, we must show that the actual volatility of the 
system corresponds to that expected by economic agents. Specifically, recall 
that parameters �¦,t�  and �¦,X�  capture the response of agents to perceived 
volatility and at the same time affect the actual law of motion. We must show 
that the true volatility of the system implies that the values of �¦,t�  and �¦,X�  
implied by the actual law of motion correspond to those assumed. 

To prove that we are indeed in equilibrium we must show that the set of 
observables and the beliefs held by economic agents form a fixed point in  
a multidimensional and multilayer space. We start by describing the set of 
beliefs of rational agents and then argue that the beliefs are in equilibrium, ie 
that rational agents do not have any incentive to revise their beliefs or to alter 
their perceptions of the world. 

Recall that rational agents, in particular, believe that: 

                                                   
8 Furthermore, undetectable errors made by rational agents in our model are non-trivial as 

a given rational agent would change her behaviour and thus increase her payoff if the 
objective truth was revealed to her. 
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• at any point in time the fraction of naive agents is equal to 1 � 2v; 
• naive agents are affected by a common and time-independent 

preference shock, 9�, drawn from distribution ©t� �; 
• naive agents use a simple OLS technique, equation (23), for their 

assessments of the relevant future variables, implying the distribution 
of the error term, sX� �. 

Furthermore, recall that none of the above beliefs is correct, but as we 
argue each of the above beliefs finds support in the data. 

Let us start by assuming that the values of the fundamental parameters are 

given by ³ � 50, , � 29.9285967, 9v � �52.0910063 and E � $:. Now, 

imagine that rational economic agents believe that the fraction of rational 
agents in the population 2v is given by: 
 2v � 0.4887298. (43) 
 
ie that there are about 49% of rational agents in the population. 

Moreover, imagine that rational economic agents believe that the 
econometric estimates obtained on sample yw¡�{ by naive agents are given by9: 
 �¢ � 0.3230514 (44) 
and w�¡ � 2.609672. (45) 
 

Furthermore, let us assume that rational agents believe that the 
distribution of the error term, W�#$, in specification (23) is such, so that the 
value of �¦,X� , which is determined with equation (29), is given by: 
 �¦,X� � 61.8662799. (46) 
 

In addition, let us assume that rational agents believe that the distribution 
of the shocks that affect the preferences of naive agents, ©t� �, is such so that, 
given equation (38), the implied value of �¦,t�  is given by: 
 

                                                   
9 The values presented below can appear to be very special. However, the given selection of 

values is chosen only for illustrative purposes. In particular, the listed values lead to the 
steady state value of capital K*  equal to 1. Moreover, our results are robust, discussion in the 
following section and Appendices B and C and do not depend on peculiar values of the 
underlying parameters as they hold on a non-zero measure set of values. 



Volatility as a Choice              91 
 

 
 

�¦,t� � 396.0977657. (47) 
 

Observe that at this stage the values of parameters given with equations 
(44), (45), (46) and (47) simply reflect the beliefs of rational agents (all agents). 
Furthermore, those values, together with the values of the fundamental 
parameters A, B, 9v and E determine the actual law of motion, equation (41), 
which generates the values of the observables yw¡�{. In other words, the beliefs 
of agents define the actual law of motion, ie they determine reality. 
Specifically, given the beliefs, the actual dynamics take the form depicted in 
Figure 1. 

The process that describes the actual dynamics is affected by the beliefs – 
captured, in particular, with equations (44), (45), (46) and (47) – of rational 
agents, and, naturally, it generates the observables, time series data, yw¡�{. In 
turn, the observables can be used to estimate the actual, data driven, values of �¢, w�¡ and �¦,X� . Specifically, the estimates obtained with the actual data, yw¡�{, are 
given by: 
 �¢» � 0.3257326, (48) 
 w�¡¡ � 2.613967 (49) 
and �¢¦,X� � 61.9074768. (50) 
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Figure 1. The Evolution of Capital Stock for T = 1000000 iterations and for ³ � 50, , � 29.9285967, 9v � �52.0910063 and E � $:. 

Observe that the actual estimates, given with (48), (49) and (50) 
correspond to the values assumed by economic agents, given by (44), (45) and 
(46). Consequently, the beliefs are internally consistent, ie the beliefs affect the 
data generating process and at the same time find support in the data. Clearly, 
rational economic agents do not have any incentive to revise10 their beliefs. 

Furthermore, again, note that the parameters �¢, w�¡ and �¦,X�  play a dual 
role. First of all, they determine the actual dynamics but at the same time are 
determined by the actual dynamics. In other words, these are fully endogenous 
parameters, and their values are determined in equilibrium. Formally, the values 

of �¢, w�¡ and �¦,X�  correspond to a fixed point. This fixed point, however, is  
a fixed point in the space of reality shaping beliefs of rational agents. Finally, 

observe that, given the description of the model, parameters �¢, w�¡ and �¦,X�  
reflect presupposed actions of naive agents who in fact do not exist. Therefore, 

                                                   
10 Note that 2v is an imaginary parameter and is not observable. Therefore, there is no 

mechanical test for the consistency of 2v. However, rational economic agents do check 
whether the value of 2v leads to actual aggregate dynamics consistent with the perceived one. 
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the parameters such are purely imaginary but at the same time shape reality and 
can be retrieved from observed data. 

In addition, time series data, yw¡�{, can be used to construct the time series 
data of the error term, `W�#$c, in equation (23). In turn, it is possible to 
construct the corresponding distribution of the error terms, sX� �,, and verify 
that the autocorrelations of the error term are indeed zero as originally assumed, 
as shown in Figure 2. 

The above observations indicate that indeed it is the case that imputed 
reality shaping behaviour of naive agents who do not exist remains consistent 
with the observables. However, to ensure that the economy is in equilibrium, 
we must show that rational agents do not have any incentive to revise their 
private actions given the observables. 

Recall that a given rational agent believes that reality is described with 
equation (39) whereas, in fact, the true description of reality is given by (41). 
To be in equilibrium, a rational agent, M f �0,1�, must be able to reconcile the 
known perceived law of motion with the observables determined with equation 
(41), which is not known to a rational agent, M f �0,1�. Formally, data, yw¡�{���, 
generated with the actual law of motion, equation (41), must satisfy the 
perceived law of motion, equation (39), ie we must simultaneously have: 
 w¡�#$ � $�#�§v ��¦,t� 
 9v � � $-§v� �¦,X� 
 <1 � $-§v� �C �w¡�� 


$-§v� ,� �w�¡ 
 �¢<w� � w�¡C��, 
(51) 

and 
 w¡�#$ � §v�#�§v @�¦,t� 
 9vB 
 $-§v�#�§v �¦,X� 
 $�#�§v �w¡�� � $-§v�#�§v , �w�¡ 


�¢<w� � w�¡C� 
 $-§v� 9�. (52) 
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Figure 2: The Autocorrelations of W�#$ for T = 1000000 iterations and for ³ � 50, , � 29.9285967, 9v � �52.0910063 and E � $:. 

 
Furthermore, given the assumption about the behaviour of naive agents 

who are just presupposed to exist, it must simultaneously be the case that �¢ and w�¡ correspond to the OLS estimates on the sample data of the coefficients of the 
following equation: 
 w¡�#$ � w�¡ 
 �¢<w¡� � w�¡C 
 W�#$, (53) 

where W�#$ is uncorrelated across time. 
Note that equations (51) and (53) describe the objective truth, whereas 

equations (52) and (53) reflect the beliefs of economic agents. Naturally, the 
beliefs must be in equilibrium as well. Therefore, again, for the economy to be 
in equilibrium, it must be the case that equations (51), (52) and (53) are 
simultaneously satisfied, ie the beliefs are in fact supported by observables. 
Moreover, error terms 9� and W�#$ must have desired properties. 
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Can we be sure that such equilibria exist? In this paper, we answer this 
question affirmatively11. Nevertheless, we must acknowledge that our assertion 
that such equilibria exist relies on further technical results. Observe that the 
actual data generated with equation (51) is deterministic. Consequently, as 
implied by equation (52), we have: 
 9� � �$-§v �w¡�#$ � $�#�§v P2v@�¦,¼� 
 9vB 
 �1 � 2v��¦,X� 
 �w¡�� �

�1 � 2v�, �w�¡ 
 �¢<w¡� � w�¡C�S�, 
(54) 

 
ie error term 9� is deterministic as well, which contradicts the beliefs of rational 
economic agents in our model that 9� is drawn from distribution ©t� � and is 
stochastic in nature. Nevertheless, it can12 be the case that the values implied by 
the right-hand side of equation (54) look as if they were random even though 
they are truly deterministic. Moreover, as pointed out by Radunskaya (1994) 
and Hommes (1998), it can be the case that data dictated by the right-hand side 
of equation (54) can in fact be formally (statistically) indistinguishable from 
data generated by a purely stochastic process. Consequently, in this paper, we 
show that if rational economic agents believe that the economy is constantly 
being hit by stochastic and time-independent disturbances, then the actual 
dynamics can look as if it exactly was the case despite the fact that the actual 
dynamics are deterministic but sufficiently complex in nature. Formally, we 
constructively address the challenge posed by Grandmont (1998) who 
necessitated a formal basis for a coherent testing of the consistency of beliefs: 
 

The ultimate test that this approach will have to pass, however, is that 
such learning equilibria must, to be acceptable, exhibit a reasonable degree of 
consistency with the agents' beliefs. In this respect, one might envisage 
situations in which agents think that they are living in a world that is relatively 
simple, although subject to random (eg white noise) shocks, but in which 
deterministic learning equilibria are complex (chaotic) enough to make the 
agents; forecasting mistakes still selffullling in a well defined sense. 

 

Recall that we have already assumed, equation (47), that economic agents 
in our model believe that ©t� �, the distribution of ε, is such so that �¦,t� � 396.0977657, which allows, together with assumptions captured with 
equations (44), (45) and (46), us to determine the actual time series data. The 
                                                   
11 Appendix B provides technical details that allow us to construct such equilibria. 
12 In our paper the beliefs, reflected with the value of  2v, of rational agents are such so this is 

exactly the case in equilibrium. 
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actual time series data, yw¡�{, can be used to construct the implied with equation 
(54) values of the sentiment shock needed to reconcile the beliefs with reality. 
The implied values of 9� allow us to construct the empirical histogram of 9�, 
which in turn permits us to derive ©¡t� � – the data implied distribution of 9�, 
which is depicted in Figure 3. 
 

 

Figure 3: The Distribution Function of 9� for T = 1000000 iterations and for ³ � 50, , � 29.9285967, 9v � �52.0910063 and E � $:. 

 
Now our knowledge of ©¡t� � can be used to calculate the value of �¦,t�  

implied by the observables. Specically, in this case we have: 
 �¢¦,t� � 396.0577987, (55) 
 
which corresponds to the value originally assumed and given with equation 
(47). Therefore, again we can assert that beliefs of economic agents with regard 
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to the form of  ©t� � affect the data generating process and more importantly 
find support in the data, ie are internally consistent. Finally, note that the 
autocorrelations of the values of the shocks implied with equation (54) are 
indeed zero (see Figure 4) as originally assumed once again confirming that the 
beliefs of rational agents (all agents) remain in equilibrium. 

We have just constructively shown that agents' beliefs with regard to the 
degree of volatility of a given economy can affect the actual volatility and the 
actual volatility can be consistent with the assumed one. Specifically, as our 
first example shows, it can be the case that an economy remains stable if 
economic agents hold strong views about its stability. In particular, if economic 
agents believe that the economy is stable and that other agents share a similar 
view then the actual behavior, which is affected by the beliefs, of the economy 
conforms to the beliefs and the economy converges to a stable steady state. 

On the other hand, our second example shows that a different outcome for 
the same values of the fundamentals is feasible as well. Specifically, if rational 
economic agents believe that the economy is volatile and is being constantly 
destabilised by actions of naive traders who are affected by sentiment shocks, 
then rational economic agents respond accordingly by building up buffer stock 
savings. This in turn affects the actual dynamics of the economy. We show that 
the change, induced by actions of rational agents, in the dynamics of the 
economy can be significant. Specifically, we constructively show that economy 
can become volatile in response to perceived volatility. More importantly, we 
argue that the actual dynamics displayed by the economy can be identical to 
that expected by rational economic agents. In other words, we show that 
volatility can be endogenous and constitute an outcome selected in equilibrium 
by self-confirming beliefs of rational economic agents. We provide additional 
numerical examples in the subsequent section. 
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Figure 4: The Autocorrelations of 9� for T = 1000000 iterations and for ³ � 50, , � 29.9285967, 9v � �52.0910063 and E � $:. 

 
The equilibrium described in our model is fragile, despite the fact that it is 

in fact stable in the traditional sense. The equilibrium exists only because 
agents are expected to not engage in any sort of out of equilibrium 
experimentation or thinking. Specifically, our agents could easily identify the 
actual law of motion if they only decided to plot w�#$ in terms of w�. 
Furthermore, one may expect that such a plot probably should be done when 

rational economic agents perform an OLS estimation of w�¡ and �¢ on behalf of 
naive agents. Clearly, assuming that rational economic agents fail to notice 
such a simple relationship may appear to invalidate our assumption of complete 
rationality, but formally this is not the case. As argued by Sorger (1998), the 
equilibrium described in the model is an example of a self-fullling mistake 
originally defined by Grandmont (1998). In other words, such a simple 
identication of the model is possible only because the original mistake 
(misspecication of beliefs) was made, and once it was made, the observables 
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remain consistent with the originally misspecied beliefs. Consequently, rational 
economic agents find their original mistake self-fulfilling and do not have any 
incentive to change their behaviour or to experiment with other possibly 
simpler theories. Furthermore, we can easily eliminate the possibility of such  
a simple identication of the model by adding, as suggested by Grandmont 
(1998) and Hommes (1998), noise to the system. In our case, it suffices to 
assume that individual preference shocks, 4&,�, are affected by a stochastic 
factor common to all agents. Such a change would make simple identication 
impossible while leaving the main findings unaffected. We choose not to pursue 
this path for purely expositional purposes. 

5. Additional results 

The type of equilibria described in the previous section exist in a variety 
of economies. In this section, we provide some additional examples. More 
importantly, we show that a given economy, characterised by a given set of 
values of the fundamentals, can exhibit multiple equilibria. The equilibria differ 
with regard to the degree of volatility and naturally the degree of volatility is 
selected by self-confirming and equilibrium consistent beliefs of fully rational 
agents (all agents). 

Let us assume at this stage that the values of the fundamentals are given 

by ³ � 2.5, , � 8.741073, 9v � �0.0304130 and E � $:. Furthermore, let us 

start our description of feasible equilibria from the simplest case. Specifically, 
let us assume that rationality is common knowledge and economic agents 
expect the economy to be stable. As argued earlier, in this case the 
accumulation, both perceived and actual, equation is given by: 
 w�#$ � $�#� `9 v 
 �w��c. (56) 

 
Naturally, in this case the economy exhibits no volatility, which verifies 

the initial expectations of stability and ensures that the beliefs are in equilibrium 
as well. The actual dynamics in this case is presented in Figure 5, upper left 
panel. Note that in this case agents do not make any errors, so the 
corresponding autocorrelations are not defined and not reported. 

Now, imagine that the fundamentals assume the same values, ie ³ � 2.5, , � 8.741073, 9v � �0.0304130 and E � $:. Moreover, imagine that 

rationality prevails at all times, but it is not common knowledge that it does. In 
this case, as argued in the main part of the paper, the economy can exhibit 
endogenous fluctuations consistent with the private beliefs of economic agents. 
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Specifically, let us assume that rational economic agents rather than being 
convinced that all agents are fully rational believe that 2v � 0.0108779, ie that 
the fraction of rational agents is equal to about 1.1%. Moreover, let us assume 
that economic agents believe that the actual data driven values of the 
equilibrium variables are given by: 

 w�¡ � 0.1655897 (57) 
and 
 �¢ � 0.2929922. (58) 
 
 

 

Figure 5: The Actual Dynamics for T = 1000000 iterations and the 
Corresponding Autocorrelations when the Perceptions of the Riskiness of the 
Economy Change for a Given Set of Values of the Fundamentals: ³ � 2.5, , � 8.741073, 9v � �0.0304130 and E � $:. 
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Moreover, assume that economic agents believe that 9� and W�#$ are 
uncorrelated across time and that the distributions of 9� and W�#$ are such so 
that: 
 �¦,X� � 0.3199794, (59) 
and13 �¦,t� � �0.1870930. (60) 
 

In this case, there is a discrepancy between the perceived and the actual 
laws of motion, equations (39) and (41), respectively, but both lead to the same 
observational dynamics ensuring that the beliefs are always in equilibrium. 
Specifically, the values of the observables generated with the actual law of 
motion, given the expectations embodied in (57), (58), (59) and (60) can be 

used to estimate the actual, data driven, values of w�¡, �¢,  �¦,X�  and �¦,t� , which are 
given by: 

 w�¡¡ � 0.1652142, �¢» � 0.2906769, �¢¦,X� � 0.3195587 and �¢¦,t� � �0.1851032. 
(61) 

 
Naturally, the estimates listed in (61) confirm that the beliefs are in 

equilibrium. The actual dynamics, in this case, is presented in Figure 5, upper 
right panel. The corresponding autocorrelations of W�#$ are presented in the 
lower left panel. 

The two examples described above reveal that multiple equilibria, with 
different degrees of volatility, are possible. Specifically, given the 

fundamentals, ³ � 2.5, , � 8.741073, 9v � �0.0304130 and E � $:, it is 

possible that the economy remains stable and experiences no fluctuations. 
Alternatively, it is possible, given the same fundamentals, that the economy 
fluctuates and exhibits permanent oscillations. The nature of the equilibrium is 
chosen by equilibrium consistent and self-confirming expectations of the 
agents. Consequently, the degree of volatility of the economy constitutes and 
outcome selected by conscious actions based on equilibrium consistent beliefs 
of economic agents. 

                                                   
13 Recall that is not quite the variance of "; but a logarithmic transformation of a value of the 

moment generating function of the distribution of ": Hence, negative values of are 
permissible. 
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Now, let us consider a different example. Imagine that the fundamentals 

assume the following values: ³ � 50, , � 30, 9v � �50.066692 and E � $:. 

Furthermore, let us now consider yet another set of beliefs of economic agents. 
Specifically, assume that rational economic agents believe that 2v � 0.6337861, ie that the fraction of rational agents in the population is about 
63% and that time series estimates of the relevant variables are given by: 

 w�¡ � 1.845676, �¢ � 0.4234778, �¦,X� � 44.14143 and �¦,t� � 272.8047. 
(62) 

 
The values listed in (62) are sufficient to determine the actual law of 

motion and in turn to generate the observables. Again, in this case as well, there 
is a discrepancy between the perceived and the actual laws of motion, equations 
(39) and (41), respectively, but both lead to the same observational dynamics 
ensuring that the beliefs are always in equilibrium. Specifically, the values of 
the observables generated with the actual law of motion, given the expectations 

embodied in (62) can be used to estimate the actual, data driven, values of w�¡, �¢,  �¦,X�  and �¦,t� , which are given by: 
 w�¡¡ � 1.844378, �¢» � 0.4234778, �¢¦,X� � 44.04518 and �¢¦,t� � 272.9976. 

(63) 

 
Again, in this case as well, the estimates listed in (63) confirm that the 

beliefs are in equilibrium. The actual dynamics, in this case, is presented in 
Figure 6, upper left panel, and the corresponding autocorrelations of W�#$ are 
depicted in the lower left panel. 

Now, assume that the values of the underlying fundamentals are 
unchanged, ie we continue to have ³ � 50, , � 30, 9v � �50.066692 and E � $:. However, agents choose to hold different beliefs than before. In 

particular, economic agents believe that the economy is now riskier. This 
manifests itself in a lower value of 2v than before. Specifically, agents believe 
that 2v � 0.4142131, ie that the fraction of rational agents in the population in 
now smaller and equal to about 41%. Finally, economic agents believe that data 
driven values of the equilibrium variables are given by: 

 w�¡ � 3.084889, �¢ � 0.2803963, �¦,X� � 70.81305 and �¦,t� � 437.3945. 
(64) 
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Figure 6: The Actual Dynamics for T = 1000000 iterations and the 
Corresponding Autocorrelations when the Perceptions of the Riskiness of the 
Economy Change for a Given Set of Values of the Fundamentals: ³ � 50, , � 30, 9v � �50.066692 and E � $:. 

 
Naturally, the values of the fundamentals together with the beliefs of 

economic agent embodied in equation (64) allow us to determine the actual law 
of motion and in turn generate the observables. Again, the actual law of motion 
differs from the perceived law of motion. However, both lead to statistically 
equivalent dynamics ensuring that the beliefs of economic agents are in 

equilibrium. Specifically, the values of w�¡, �¢,  �¦,X�  and �¦,t� , implied with the data 
generated by the actual law of motion, are given by: 

 w�¡¡ � 3.084944, �¢» � 0.2800912, �¢¦,X� � 71.40100 and �¢¦,t� � 441.3849 
(65) 
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and naturally conform to the expected values again ensuring that the economy 
is equilibrium. The actual dynamics in this case, are presented in Figure 6, 
upper right hand panel, and the corresponding autocorrelations of W�#$ are 
presented in the lower right hand panel. 

The above examples show that the actual dynamics can be shaped by 
self-confirming and equilibrium consistent beliefs. Furthermore, economic 
agents can in equilibrium select the degree of volatility of an economy. 
Specifically, expectations with regard to the degree of volatility of an economy 
influence private decisions and affect the level of bfer stock saving. This in turn 
affects the equilibrium process of physical capital accumulation and the 
resultant macro-level dynamics, which, as the above examples illustrate, can be 
consistent with the original expectation. Consequently, the degree of volatility 
of an economy can be formed by equilibrium consistent beliefs of economic 
agents. If agents expect the economy to be relatively stable then the resultant 
dynamics can be relatively stable, on the other hand, if the economic agents 
expect the economy to exhibit a higher level of volatility then the economy 
responds, without any changes in the values of the fundamentals, accordingly 
and the actual dynamics becomes more volatile verifying the beliefs and 
ensuring that the economy is in equilibrium. 

6. Conclusions 

The volatility of economic systems has been subject to a concern both 
from scientific and policy perspectives. Intuitively, it appears that modern 
economies fluctuate more than we wished and more than we can credibly 
account for. Not surprisingly numerous contributions have attempted to resolve 
the issue and to explain why modern economies are characterised by  
time-varying volatility. Most contributions dealing with the issue essentially 
ignore the most critical problem and simply assume that exogenous probability 
distributions govern the evolution of volatility over time. Alternatively, the 
volatility is endogenised, but at a cost of departures from rationality or under 
the assumption that agents, despite being statistically correct, fail to derive the 
link between their private actions and equilibrium dynamics. In this paper, we 
provide an alternative explanation that does not suffer from the standard 
shortcomings. 

Specifically, we present a model in this paper, which allows us to 
understand why the degree of volatility of an economy can evolve over time 
even though the economy does not experience any structural changes. We argue 
that the degree of the volatility of an economy, rather than being imposed, can 
be chosen endogenously by rational and fully optimising agents. In particular, 
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we illustrate in a general equilibrium framework that the perceptions of 
aggregate volatility formed by rational agents can be self-confirming, ie can 
result in actual outcomes that correspond to those expected. Specifically, we 
show that an economy can remain stable if economic agents expect it to be 
stable. On the other hand, we show that an economy can display a certain 
degree of volatility if economic agents expect the economy to be volatile. 
Naturally, at all times we ensure that the beliefs held by economic agents, with 
respect to the degree of volatility, remain in equilibrium themselves. 
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Appendix A 

 
In this appendix we derive the equilibrium equations describing the 

behaviour and reflecting the thinking of a rational agent, M f �0,1�. First, let us 
start by assuming that a rational agent, M f �0,1�, believes that the total amount 
invested by all rational agents is given by: 
 w�#$ª � 2v�^ 
 "w� 
 3w���, (66) 

 
where n, m and M are constants and 2v denotes the share of rational agents in 
the population. 

Consequently, according to a rational agent, M f �0,1�, the total amount 
invested at time t, w� � w�#$ª 
 w�#$b , is given by: 
 w�#$ � 2v�^ 
 "w� 
 3w��� 
 $-§v� �9� 
 �¦,X� 
 �w�� � , �w�¡ 


�¢<w� � w�¡C��, 
(67) 

 
which simplifies to: 
 w�#$ � 2v^ 
 $-§v� ��¦,X� � ,�1 � �¢�w�¡� 
 <2v" � $-§v� ,�¢C w� 
<2v3 
 $-§v� �C w�� 
 $-§v� 9�. (68) 

 
Observe that all terms with exception of 9� in the right-hand side of 

equation (68) are non-random. Furthermore, recall that the optimal amount 
saved by a rational agent, M f �0,1�, is given by equation (17). Consequently, 
noting that only 9� is, given the beliefs of rational agents, random with a known 
distribution ©t� �, and using some basic properties of the exponential function, 
we can, using equation (68), rewrite equation (17) as: 
 w�#$& � $� �9&,� 
 �w�� � , �2v�^ 
 "w� 
 3w��� 
 $-§v� P�¦,X� 


�w�� � , �w�¡ 
 �¢<w� � w�¡C�S� 
 �¦,t� �, 
(69) 
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where �¦,t�  is given by: 
 �¦,t� � pqr <� i-°k«¬�n tl�©t�9��u-u C. (70) 

  
Recall that by assumption, a rational agent, M f �0,1�, believes that there 

are only 2v rational agents who share her view of the world. Consequently, 
according to a rational agent, M f �0,1�, the amount invested by all rational 

agents at time t is given by w�#$ª � 2v � w�½$O �K§v� , which, given equation (69), 
translates to: 
 w�#$ª � $� � 9O,��K§v� 
 §v� ��w�� � , �2v�^ 
 "w� 
 3w��� 


$-§v� P�¦,X� 
 �w�� � , �w�¡ 
 �¢<w� � w�¡C�S� 
 �¦,t� �. 
(71) 

 
Furthermore, recall that we have assumed that naive agents are aected by 

sentiment shocks. However, we assume that rational agents are not influenced 

by such innovations. Consequently, we have � 9O,��K§v� � 9v since y9O,�{ are truly 
i.i.d. Therefore, we can write equation (71) as: 
 w�#$ª � §v� ��w�� � , �2v�^ 
 "w� 
 3w��� 
 $-§v� P�¦,X� 
 �w�� �

, �w�¡ 
 �¢<w� � w�¡C�S� 
 �¦,t� 
 9v�. 
(72) 

 
Now, we can simplify equation (72) by rearranging terms to: 

 w�#$ª � §v� ��, �2v^ 
 $-§v� P�¦,X� � ,�1 � �¢�w�¡S� 
 �¦,t� 
 9v �, <2v" � $-§v� ,�¢C w� � , <2v3 
 $-§v� ³C w���. 
(73) 

 
Matching the coeffcients of equations (66) and (73), we can find the 

values of n, m and M, which are given by: 
 

^ � ®,n̄ #t±-°k«¬�n ®,²n #k«¬�n °n�$-£¤�z�¡�#°§v , 

" � $-§v� °n£¤�#°§v, 3 � $-k«¬�n °�#°§v ³. 

(74) 
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Observe that the values of n, m and M are indeed constant as originally 

assumed and, thus, confirm to the beliefs of rational agents. Therefore, we can 
write the amount invested by rational agents as: 
 w�#$ª � §v�#°§v ��¦,t� 
 9v � , $-§v� �¦,X� 
 <1 � $-§v� ,C ³w�� 


$-§v� ,� �w�¡ 
 �¢<w� � w�¡C��. 
(75) 
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Appendix B 

 
In this appendix, we derive formal mathematical relationships that are 

satisfied in the model. However, some of the relationships, even though 
formally valid, are not known to rational economic agents, but remain 
consistent in the observational (statistical) sense with the beliefs of rational 
economic agents. 

Recall that the perceived law of motions is given by: 
 w�#$ � §v�#°§v @�¦,t� 
 9vB 
 $-§v�#°§v �¦,X� 
 $�#°§v �w�� � $-§v�#°§v , �w�¡ 


�¢<w� � w�¡C� 
 $-§v� 9�. (76) 

 
where innovations ̀ 9�#$c are aasumed to be uncorrelated across time. 
Furthermore, as assumed earlier, parameters w�¡ and �¢ are OLS astimates of 
relationship: 
 w�#$ � w�¡ 
 �¢<w� � w�¡C 
 W�#$, (77) 

 
where W�#$ is a mean zero, time independent, error term. 

Note that rational agents believe that preference shocks affecting naive 
agents ̀ 9�c feed through the system and, as a result, impact the aggregate 
activity. Consequently, preference shocks affect the observables. As a result, 
they influence the estimates and error term `W�#$c obtained with relationship 
(77). In other words, rational economic agents understand that shocks `9�c and `W�#$c can be dependent. This dependence, however, can only be verified ex 
post as the OLS regression can only be performed with a lag once w�#$ 
becomes known. In other words, rational economic agents cannot use the fitted 
value, ̀ W�#$c, of the error term at time t + 1 to assess the value of 9�#$, which is 
relevant for their decision making at time t. 

The actual law of motion is different from the perceived law of motion 
and is given by: 
 w�#$ � $�#°§v ��¦,t� 
 9v � , $-§v� �¦,X� 
 <1 � $-§v� ,C ³w�� 


$-§v� ,� �w�¡ 
 �¢<w� � w�¡C��. 
(78) 

 



Volatility as a Choice              111 
 

 
 

Morover, the OLS estimates must remain valid in the sample of the 
observables generated with the actual law of motion, ie we must again have: 
 w�#$ � w�¡ 
 �¢<w� � w�¡C 
 W�#$, (79) 

 
Clearly, economic agents in our model believe that the economy is 

described with equations (76) and (77), but the objective truth is that the 
economy is actually described with equations (78) and (79). Naturally, from the 
formal perspective, agents in our model are incorrect as the perceived law of 
motion is different from the actual law of motion. Nevertheless, rational 
economic agents can be in equilibrium, ie they may have no incentive to revise 
their biased views, when the actual data generated with the actual law of 
motion fits into the perceived law of motion. In other words, rational economic 
agents are in fact in equilibrium when: w¡�#$ � §v�#°§v @�¦,t� 
 9vB 
 $-§v�#°§v �¦,X� 
 $�#°§v �w�� � $-§v�#°§v , �w�¡ 


�¢<w¡� � w�¡C� 
 $-§v� 9�, (80) 

 w¡�#$ � w�¡ 
 �¢<w¡� � w�¡C 
 W�#$, (81) 

and w¡�#$ � $�#°§v ��¦,t� 
 9v � , $-§v� �¦,X� 
 <1 � $-§v� ,C ³w¡�� 

$-§v� ,� �w�¡ 
 �¢<w¡� � w�¡C��, 

(82) 

 
where yw¡�{ denotes the sample generated with the actual law of motion. 

Again, economic agents are aware of equations (80) and (81), but they are 
not aware of equation (82). Nevertheless, for the equilibrium to exist, all three 
equations (80), (81) and (82) must be satisfied. In what follows, we manipulate 
the above equations to identify more informative relationships between the 
equilibrium variables. Our manipulations are formally valid, but cannot be done 
by economic agents within the model, as they do not know that equation (82) 
holds. 

Equating the left-hand sides of equations (80) and (82) and then 
rearranging the terms yields: 
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9� � $�#°§v �2@�¦,t� 
 9vB � �2 
 ,��¦,X� � , P³w¡�� � �, 
 2� �w�¡ 

�¢<w¡� � w�¡C�S�. 

(83) 

 
Similarly, equating the left-hand sides of equations (81) and (83) and then 

rearranging the terms leads to: 
 W�#$ � $���#°§v� �2@�¦,t� 
 9vB � ,�1 � 2v��¦,X� � @2 � �1 �

2v�B, P³w¡�� � �, 
 2� �w�¡ 
 �¢<w¡� � w�¡C�S�. 
(84) 

 
Observe that the actual law of motion, equation (82), is purely 

deterministic; therefore, observables, the values of yw¡�{, are nonrandom. 
Consequently, we must, given equations (83) and (84), conclude that 9� and W� 
are nonrandom as well, which formally invalidates our assumptions and 
formally prevents our equilibrium from being constructed. Nevertheless, the 
actual law of motion can exhibit chaotic dynamics, and it can be the case that 
the observables yw¡�{ can look as if they were random. Consequently, both 9� 
and W�#$ can look as if they were random. Furthermore, it can be the case that 
both 9� and W�#$ are uncorrelated across time. Thus, both, see Radunskaya 
(1994) and Hommes (1998), can be perceived as random. Formally, we can say 
that both 9� and W�#$ can be indistinguishable from random processes from  
a purely statistical perspective. Therefore, rational agents in our model can be 
convinced that their beliefs conform to observables and, thus, remain in 
equilibrium. Furthermore, note that equations (83) and (84) actually reveal that 9� and W�#$ are in fact dependent14. However, this knowledge cannot be used by 
economic agents in real time as estimates of W�#$ obtained with the observables 
are available one period after they are needed. 

Let K* denote the steady state level of capital stock, assuming that it 
exists, implied by the actual law of motion. Naturally, we must have: 
 w½ � $�#°§v ��¦,t� 
 9v � , $-§v� �¦,X� 
 <1 � $-§v� ,C ³�w½�¾ 


$-§v� ,� �w�¡ 
 �¢<w½ � w�¡C��, 
(85) 

 

                                                   
14 Operationally, agents may fail to notice that due to the presence of rounding errors. 
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Now, by subtracting equation (85) from equation (78) and dividing by K*, 
we can establish that: 
 zlokz½ � 1 � �-�$-§v�°���#°§v� ³�w½�¾-$ P<zlz½C¾ � 1S 
 �$-§v�°n

���#°§v� �¢ <zlz½ � 1C, (86) 

 

Now, let ¿� � zlz½, and equation (86) can be simplified to: 

 ¿�#$ � 1 
 �-�$-§v�°���#°§v� ³�w½�¾-$��¿��¾ � 1� 
 �$-§v�°n
���#°§v� �¢�¿� � 1�. (87) 

 
We want economic agents to consider 9� and W�#$ to be random. This can 

only happen when the values of `w�c look random and this can happen when the 
actual law of motion exhibits chaotic dynamics, ie when equation (87) exhibits 
chaotic dynamics. This last requirement, together with the requirement that 9� 
and W�#$ be uncorrelated across time, imposes restrictions on the coefficients of 
equation (87). In other words, we must choose15 the coefficients of equation 
(87) to ensure that the implied dynamics of `¿�c have the required properties. 
Note that the values of `¿�c are observable. Furthermore, given the definition of ¿� we can use `¿�c to identify �¢ and 	À � z�¡z½ by running an OLS regression on: 

 ¿�#$ � 	À 
 �¢�¿� � 1� 
 W�#$. (88) 
 

Recall again that �¢ and 	À are in fact endogenous. Both shape the actual 
law of motion, equation (87), but also must be consistent with observables 
generated by the actual law of motion and, in particular, must be equal to the 
OLS estimates on the observed sample of the coefficients in the relationship 
(88). 

Let us rewrite equations (83) and (84) as: 
 9� � �@®,n̄ #t±B-��#°�®,²n

�#°§v � �°z½
�-�$-§v�° P�-�$-§v�°���#°§v� ³�w½�¾-$�¿��¾ �

<1 � �$-§v�°n
���#°§v�C @	À 
 �¢�¿� � 	À�BS, (89) 

 
 
 

                                                   
15 In fact, in this model we are able to choose the coe-cients as they depend, in particular, on 

imaginary parameter x; which can assume any value between zero and one. 
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and W�#$ � �@®,n̄ #t±B-°�$-§v�®,²n
�#°§v 
 w½ P�-�$-§v�°���#°§v� ³�w½�¾-$�¿��¾ �

<1 � �$-§v�°n
���#°§v�C @	À 
 �¢�¿� � 	À�BS. (90) 

Let us denote the coefficients of equation (87) with: 
 = � �-�$-§v�°���#°§v� ³�w½�¾-$, (91) 

and Á � �$-§v�°n
���#°§v� �¢. (92) 

 
Now equations (87), (89) and (90) can be written as: 

 ¿�#$ � 1 
 =��¿��¾ � 1� 
 Á�¿� � 1�, (93) 
 9� � �@®,n̄ #t±B-��#°�®,²n

�#°§v � �°z½
�-�$-§v�° P= � <1 � Â£¤C @	À 
 �¢�¿� � 	À�BS, (94) 

 
and W�#$ � �@®,n̄ #t±B-°�$-§v�®,²n

�#°§v 
 w½ P=�¿��¾ � <1 � Â£¤C @	À 
�¢�¿� � 	À�BS. (95) 

 
Let us reiterate that = and Á must be such so that `¿�c defined with 

equation (93) looks random despite being deterministic and ̀ 9�c and ̀ W�#$c are 
uncorrelated across time. Finally, it must be the case that the OLS estimates of 
the coefficients of equation (88) correspond to the values of �¢ and 	À used in 
the expressions describing 9� and W�#$. These restrictions on the values of = and Á are just preconditions for the equilibrium to exist. 

Note that once = and Á are fixed, then `¿�c is defined uniquely. Moreover, �¢ and 	À are defined uniquely. Consequently, the following variable: 
 Q� � =�¿��¾ � <1 � Â£¤C @	À 
 �¢�¿� � 	À�B, (96) 

 
is well defined and looks as if it were random. Let D��|=, Á� denote the pdf of `Q�c. Note that D��|=, Á� is now well-defined. 

Clearly, we can, but agents in the model cannot, write that: 
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9� � �@®,n̄ #t±B-��#°�®,²n
�#°§v � �°z½

�-�$-§v�° Q�, (97) 

 
and W�#$ � �@®,n̄ #t±B-°�$-§v�®,²n

�#°§v 
 w½Q�. (98) 

 
Now, recalling the definitions of �¦,t�  and �¦,X� , equations (38) and (29), 

respectively, and noting the relationships between D�� �, Dt� � and DX� �, and 
introducing changes of variables implied by equations (97) and (98), we can 
write: 

 

�¦,t� � pqr Ã� i-�k«¬�n �n<Ä®,¯n o±̄C«�noÅ�Ä®,²n
noÅ¬� - nÅÆ½n«�k«¬��Å�l�u-u D��Q�|=, Á��Q�Ç, (99) 

 
and 

�¦,X� � pqr Ã� i-��n<Ä®,¯n o±̄C«Å�k«¬��Ä®,²n
noÅ¬� #z½�l�D��Q�|=, Á��Q�u-u Ç,. (100) 

 
We can now use some basic properties of the exponential function to 

write: 
 �¦,t� �

� °�$-§v�}�@®,n̄ #t±B-��#°�®,²n ����#°§v� 
 pqr �� i�k«¬��ÅnÆ½n«�k«¬��Å �lu-u D��Q�|=, Á��Q��, 
(101) 

 
and 
 �¦,X� � �, �@®,n̄ #t±B-°�$-§v�®,²n

���#°§v� 
 pqr@� i-�z½�lD��Q�|=, Á��Q�u-u B. (102) 

 
Equations (101) and (102) form a system that allows us to solve for �¦,t�  

and �¦,X�  as: 
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�¦,t� � $� È�1 � 2v�,}pqr@� i-�z½�lD��Q�|=, Á��Q�u-u B � 9v� 

�2 � �1 � 2v�,�pqr �� i�k«¬��ÅnÆ½n«�k«¬��Å �lu-u D��Q�|=, Á��Q��É, 

(103) 

 
and 
 �¦,X� �pqr@� i-�z½�lD��Q�|=, Á��Q�u-u B �

°°#� T9 v 
 pqr �� i�k«¬��ÅnÆ½n«�k«¬��Å �lu-u D��Q�|=, Á��Q��U. (104) 

 
Furthermore, note that equation (85) defining K* can be written as: 

 w½ � �@®,n̄ #t±B-°�$-§v�®,²n
���#°§v� 
 w½ P�-�$-§v�°���#°§v� ³�w½�¾-$ 
 �$-§v�°n

���#°§v� @	À 

�¢�1 � 	À�BS, (105) 

 
which, using equations (91) and (92), can be written as: w½ � $$-A-ÊË¤@ÌÍ#£¤�$-ÌÍ�B �@®,n̄ #t±B-°�$-§v�®,²n

���#°§v� . (106) 

 
We can now use equations (103) and (104) to simplify equations (106) 

further. Specifically, we have: 
 w½ �

$$-A-ÊË¤@ÌÍ#£¤�$-ÌÍ�B $�#° T9 v 
 pqr �� i�k«¬��ÅnÆ½n«�k«¬��Å �lu-u D��Q�|=, Á��Q��U. (107) 

 

Furthermore, noting that 
ÂA£¤ � �$-§v�°n

���#°§v� ³�w½�¾-$ we can rewrite the above 

equation as: 
 w½ �$$-A-ÊË¤@ÌÍ#£¤�$-ÌÍ�B $�#° Î9 v 
 pqr �� i ÊÏË¤Ð�z½�¾�lu-u D��Q�|=, Á��Q��Ñ, (108) 
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where of course = and Á are given by: 
 = � �-�$-§v�°���#°§v� ³�w½�¾-$, (109) 

and Á � �$-§v�°n
���#°§v� �¢. (110) 

Now, equation (109) implies that: 
 w½ � $A �-�$-§v�°���#°§v� ³�w½�¾, (111) 

 
and equation (110) leads to: 
 1 � Â£¤ � ��-�$-§v����#°����#°§v� . (112) 

 
Combining equations (108), (111) and (112) allows us to establish that: $A <1 � Â£¤C ³�w½�¾ �

$$-A-ÊË¤@ÌÍ#£¤�$-ÌÍ�B Î9 v 
 pqr �� i ÊÏË¤Ð�z½�¾�lu-u D��Q�|=, Á��Q��Ñ, (113) 

 
which implicitly defines16 ³�w½�¾. 
 

Equations (108), (109) and (110) define the equilibrium for a given set of 
coefficients, = and Á. Note that A, B and ¾ reflect the values of the 
fundamentals of the economy and are given as such. On the other hand 2v is an 
imaginary parameter and its value can be adjusted as long as it remains within 
[0, 1] interval. Finally, K* is free as long as it remains positive. Clearly, from  
a technical point of view, the system that defines the equilibrium, equations 
(108), (109) and (110), is a system, for given values of = and Á, of three 
equations with two unknowns (2v, K*) and as such typically does not have  
a solution. Therefore, equilibrium does not exist for a given set of parameters = and Á. Naturally, it may exist if we allow parameters = and Á to vary as well. 

Even if it is the case that the equilibrium does not exist for given = and Á 
and given A, B and ¾, it can still be the case that the equilibrium exists for 
special values of the underlying parameters. In other words, we can ask a much 
more modest question. Is there an economy for which the equilibrium described 

                                                   
16 Assuming a solution exists. 
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with equations (108), (109) and (110) exists? Obviously, once we decide to free 
A, B and ¾, then the system of equations (108), (109) and (110) becomes  
a system of three equations with five unknowns and as such typically has  
a solution. We provide examples of such solutions in the main part of the text. 
In fact there will be a multitude of economies with equilibria that are of interest 
to us in this paper. In other words, for a given = and Á we are always able to 
provide examples of economies with equilibria that exhibit the desired 
properties. However, a randomly chosen economy will not have an equilibrium 
that is of interest to us for a given set of values of = and Á. Nevertheless, an 
equilibrium with the desired properties may still exist if we allow for an 
adjustment17 in = and Á. Finally, even if our results are not generic for a given 
set of values of = and Á it may still be the case that our results hold on  
a non-degenerate set of values of the underlying parameters. We substantiate 
our claim in Appendix C. 

  

                                                   
17 An adjustment must be done carefully as the values of θ and η must induce desired properties 

of `¿�c defined with equation (93). 
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Appendix C 

 
In this Appendix we describe the set of values of the underlying 

parameters that allow us to construct the equilibria of interest in this paper. 
Recall that the underlying properties of the equilibrium dynamics hinge on the 
properties of the following recursive equation: 
 ¿�#$ � 1 
 =��¿��¾ � 1� 
 Á�¿� � 1�. (114) 
 

Specifically, it is a precondition for our results to obtain that the values18 
of = and Á be such so that the values of ¿� dictated by equation (114) display 
chaotic dynamics. 

Observe that our choice of = and Á determines the actual dynamics of `¿�c. Moreover, once = and Á are fixed and the dynamics of `¿�c become 
known, then the coefficients of the following specification: 
 ¿�#$ � 	� 
 �¢�¿� � 	�� 
 W�#$ (115) 
 
can be retrieved, given the assumptions, with a simple OLS technique. 
Consequently, our choice of = and Á determines �¢ and 	�. 

Furthermore, we want economic agents in our model to be convinced that 
the observables confirm their beliefs. This, in particular, requires that the error 
terms W�#$ and 9� be uncorrelated across time. This, in turn, is ensured by 
requiring that the following, see Appendix B, auxiliary variable: 
 Q� � =�¿��¾ � �1 � Á�¢� @	À 
 �¢�¿� � 	À�B (116) 

 
be uncorrelated across time. 

Clearly, to ensure feasibility of our results, we must find such values of = 
and Á and the resultant values of �¢ and 	�, so that ̀¿�c are chaotic and `Q�c are 
uncorrelated across time. It turns out that such parameters exist as demonstrated 
in Figure 7. 

Our choice of = and Á allows us to determine D��|=, Á�, the implied pdf of Q�, and, in turn, given the values of A and 9v, the steady state value of the capital 
stock, which is implicitly given by: 
 

                                                   
18 We always keep the value of at 

$:. 
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 $A <1 � Â£¤C ³�w½�¾ �

$$-A-ÊË¤@ÌÍ#£¤�$-ÌÍ�B Î9 v 
 pqr �� i ÊÏË¤Ð�z½�¾�lu-u D��Q�|=, Á��Q��Ñ. (117) 

 

 

Figure 7. An Example of the Values of Parameters = and Á that lead to the 
Desired Dynamics of `¿�c. 

 
Now, having found K*, we can use the definitions of = and Á, equations 

(109) and (110), respectively, to establish that: 
 , � Ð�z½�¾«k

A <1 � Â£¤C � 2, (118) 

and 

2v � °n-ÒÊË°n#°ÒÊË . (119) 
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Recall that equation (117) determines ³�w½�¾, ie it determines K* up to  
a scaling factor. Consequently, equations (118) and (119) determine the values 
of B and 2v needed for the equilibrium to exist given A, and K*, and given 
specific choices of = and Á. 

Naturally, the above reasoning does not yet prove that results presented in 
this paper are robust. Formally, the value of B is given and cannot be adjusted 
to ensure that an equilibrium with the desired properties exists. Therefore, so far 
we have shown that there exist economies with equilibria described in this 
paper. We can do more, however. Recall that 9v, B, A and ¾ constitute the 
fundamentals in our model. In other words, the values of 9v, B, A and ¾ are 
given and cannot be altered. However, 2v is different in nature as it reflects the 
beliefs of rational economic agents and as such is purely imaginary. 
Consequently, it can assume any value between 0 and 1. Therefore, we can ask 
a different question. Is it possible, given 9v, B, A and ¾, to find a value of 2v f �0,1�, such that the equilibrium has the desired properties. Unfortunately, 
for a random choice of 9v, B, A and ¾ the answer remains negative, ie the 
equilibria described in this paper are not generic. However, if we restrict the 
values of B to a subset of a real line, then the answer to the question is positive. 
In fact, for a given choice19 of B there are many equilibria as Figure 8 indicates. 
Consequently, we have just argued that the equilibria described in this paper, if 
not generic in nature, exist for a non-degenerate set of the values of the 
parameters, ie for a wide variety of the values of the parameters. Figure 9 shows 
combinations of 2v,  9v and B that lead to equilibria of interest when A = 50. 
 

                                                   
19 We implicitly hold the values of the remaining fundamentals 9 v, A and α constant. A similar 

exercise can be done for a fixed value of B and allowing for example A to vary. 
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Figure 8. The Values of 2v that ensure that the Dynamics of `¿�c have the Des 
ired Properties given the Value of Fundamental B for ³ � 50, 9v ��52.0910063 and E � $:. 

 

Figure 9. Combinations of 2v,  9v and B that lead to equilibria of interest when  
A = 50. 
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Abstract 
The paper discusses cyclical fluctuations of business activity in selected 

sectors of the Polish economy, with the use of business confidence indicators. 
We analyse main morphological features of the cyclical fluctuations: phase 
duration, timing of turning points, amplitudes, intensity and leads/lags of 
qualitative indicators in reference to GDP, and cross-correlations. Four sectors 
of the economy are analysed: manufacturing, construction, motor transport and 
retail trade. We make an insight into empirical regularities of cyclical 
fluctuations, known as stylised facts. We particularly aim to examine the 
following stylised facts about business cycles in Poland, ie (1) whether 
manufacturing contributes the highest to a business cycle, (2) construction and 
transport are leading sectors of the economy, and (3) retail sales stabilise 
general business activity. 
 
 
Keywords: business cycles, qualitative business cycle indicators, leading 
indicators 
 
JEL classification: E32, E44 
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1. Introduction 

Fluctuations of business activity are recurrent. A period of increased 
business activity is followed by economic slowdown. The changes are, 
however, not mechanical. Despite their recurrence they usually surprise 
economic agents. It is hard not only to forecast a turning point but also to 
determine factors that cause it to come. Research on the nature of volatility of 
business activity has delivered a series of theoretical models and, on the other 
hand, revealed empirical regularities one may observe in the course of cyclical 
economic development. Nowadays, business tendency research focus on the 
two areas: to search for new theories which would explain the mechanics of 
cyclical fluctuations and to establish repeating stylised facts, and, in this way, to 
fully explore and know the behaviour of economic agents: firms, consumers 
and a government. Our analysis is conducted in the framework of the latter 
stream of research.  

Arthur Burns and Wesley Mitchell, who classically defined a business 
cycle, were pioneers of the research on stylised facts. They stressed an analysis 
of cyclical fluctuations should have encompassed, as much as possible, various 
aspects of aggregated business activity (Mitchell, 1927; Burns & Mitchell, 
1946). They gave rise to identification of business cycles’ regularities and 
Mitchell himself impressed the history of economics as a proponent of 
measurement without theory. Burns & Mitchell have been followed by Moore 
(1983, 1985, 1986), Zarnowitz (1973, 1986, 1992), Lucas (1981),  Altug (2010) 
and many others. 

Using business survey data to analyse stylised facts reflects the idea, of 
those who develop composite indicators and elaborate forecasting models, that 
research into business cycles should allow for business confidence and 
consumer sentiments. Due to the fact that general business activity is 
comprehensive business cycles analysis ought not to study individual variables. 
In order to understand the mechanics of cyclical fluctuations of business 
activity it is necessary to study interrelations between various segments of an 
economy for a business cycle affects the entire economy. The approach taken 
by Burns & Mitchell to analyse reference variables makes possible to sequence 
economic phenomena in order of ocurrance and, in the result, to identify the 
economic variables which fluctuate in the rhythm of general business activity, 
or not1. This let us distinguish three types of variables:  

• coincident, ie those whose turning points occur at the same time as of 
general business activity, 

                                                   
1 Burns & Mitchell analysed over 1000 time series for 4 countries: USA, UK, France and 

Germany. 
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• leading, ie those whose turning points occur before aggregated 
business activity swings downward or upward,  

• led, ie those whose turning points follow downturns or upturns of 
general business activity. 

To qualify the very nature of these relationships is essential for: 
• indicators be developed that would lead forthcoming recession or 

recovery, 
• relationships between individual economic variables be statistically 

and econometrically analysed and 
• stylised facts be identified. 
The approach Burns & Mitchell took was criticised by proponents of 

studying a business cycle on the grounds of economic theory. Objections were 
raised by Koopmans (1947), who claimed the approach to have no theoretical 
background and be limited to as little as statistical description. The discussion 
that ran high in the 1950s, after Koopmans published Measurement without 
theory, involved many prominent researchers of business cycles, inter alia, 
Rutldge Vining (1949), who forcefully advocated the method based on  
observations and measurement of empirical facts. The majority of reasearchers 
acknowledged the pioneering contribution of Burns & Mitchell and extensively 
applied their methods2. A study of empirical regularities of cyclical 
fluctuations, known as stylised facts, became an established element of business 
cycles analysis and contributed to development of business cycles theory3. 

2. Methods of analysis  

In this paper, with the use of time series collected within the Research 
Institute for Economic Development (RIED) and the Motor Transport Institute 
(MTI) business surveys we study stylised facts about business cycles in Poland. 
Identyfying them is crucial for research into economic incidents during 
consecutive stages of a business cycle. We study coincidence of cyclical 
fluctuations of particular macroeconomic variables, by investigating, 
specifically: 

• maximum and minimum values, 
• amplitudes, 
• duration, 

                                                   
2 Robert E. Lucas was one of them. He thought of the Burns & Mitchell’s seminal work as the 

first and excellent description of the very characterics of a business cycle that should come as  
a part of any general economic theory (see Lucas, 1981, p. 236). 

3 Contemporarily, it is being practiced by Allan Harding (2003), among others, who replied to 
Koopmans’ critique with the saying measurement before theory. 
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• turning points, 
• intensity, 
• timing of changes in each of the business sectors surveyed by RIED 

and MTI. 
The study is split into two parts. First, we analyse cyclical fluctuations at 

the macroeconomic level, setting GDP for reference. We choose four NACE 
rev.2 sectors: manufacturing (NACE C), construction (NACE F), motor 
transport (NACE  H49.41) and retail trade (NACE G47). The selection was 
motivated by character of interrelations between the four sectors and  general 
business activity as well as by availability of time series. The business 
confidence indicators for these sectors are powerful predictors of GDP 
(Klimkowska & Stolorz, 2008). Construction and manufacturing are the sectors 
that have been surveyed by RIED at the earliest. At the same time they strongly 
affect the economy’s output. Till recently the share of manufacturing in GDP 
was overwhelming, and it is on the decline now, giving way to services. 
Nevertheless, it highly contributes to the business cycles. Construction, in turn, 
is generally considered to lead changes of general business situation. And 
transport services all business activities. It is assumed to lead other businesses 
as it provides them with intermediate goods. It may, however, be argued that 
transport delivers finished goods to final customers, and, due to this fact, might 
be a coincident indicator as well. We elaborate on this too. Finally, retail sales 
reflect consumers behaviour. Research into cyclical fluctuations of retail trade 
is expected to give an answer to the question whether smoothing consumption 
is a matter of fact4 and it makes an economy more stabilised. We primarily aim 
to examine the following stylised facts about business cycles in Poland:  
1. Manufacturing contributes the highest to a business cycle. 
2. Construction and transport are leading sectors of the economy. 
3. Retail sales stabilise general business activity. 

In the second part of the study we analyse cyclical fluctuations within 
each of the sectors. The results of this part of the study will be published in 
another volume of Papers and Proceedings. 

We analyse the following composite indicators: 
• Industrial Confidence Indicator (ICI),  
• Construction Confidence Indicator (CCI), 
• Transport Confidence Indicator (TCI), 
• Retail Confidence Indicator (RCI). 

                                                   
4 Smoothing consumption is the key hypothesis of the permanent income theory by Friedman 

(1957) and the life-cycle theory of consumption by Ando & Modigliani (1957). 
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All the indicators are calculated according to the guidelines by the 
European Commission.5 Business indicators are matched with the single-base 
index of real GDP (2005=100). We follow the growth-cycle approach, by 
analysing deviations of cyclical components from the trend. The cyclical 
components were estimated by the Christiano-Fitzgeralnd filter (Christiano & 
Fitzgerald, 2003). Turning points were detected by applying the Bry-Boschan 
technique (1971)6. The data covers the period of 1995Q1-2013Q2. 

3. Results 

By examining the cyclical component of GDP, which is both an indicator 
of general business activity and the reference for the selected confidence 
indicators, we identified 11 turning points. They make four full cycles 
measured between troughs (T-T). The first one, lasting from 1996Q4 to 
1998Q4, is called ‘the Russian crisis’ as it was sparked by tightening the 
Eastern markets for Polish products. The upward phase was five-quarters long 
and the downward one lasted three quarters. The second cycle is known as the 
dot.com crisis for it was brought about with a burst of the speculative bubble of 
Internet-based companies on foreign markets. It was 17-quarters long, since 
1998Q4 till 2002Q4. The boom was six-quarters long and the contraction lasted 
11 quarters. The third cycle, called ‘the Accession boom’, was three-years long 
and lasted since 2002Q4 till 2005Q3. The upward phase was 7-quarters long 
and the downward one – 5-quarters long. The fourth cycle lasted 4 years, from 
2005Q3 to 2009Q3. Its upward phase ended up at the beginning of 2008 with 
the US subprime mortgage crisis that led to a global recession. The contraction 
was 6-quarters long and finished in 2009Q3. The economy is on another decline 
now that was caused by fiscal problems of some euro-zone economies. The 
downturn came on 2011Q4 after 9 quarters of recovery and boom. The 
subsequent contraction is 6-quarters long and we look to its termination with an 
increasing restlessness7. The lower turning point has not been formally detected 
yet, although some signs of an upturn showing up are being noted (troughs 
detected in construction industry and retail trade) (see Graph 1). 
 

                                                   
5 See details in The joint ... (2007). 
6 These methods have been frequently used in research by RIED since the report by Adamowicz 

et al. (2008) was published.  
7 As of 2Q2013. 
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Graph 1. Cyclical components of ICI, CCI, TCI and RCI against GDP (PKB), 
Poland, 1995-2013. 

Source: own compilation. 
 

The same number of T-T cycles is found for the industrial confidence 
indicator and the retail confidence indicator. We distinguish four cycles for the 
construction confidence indicator as well, however, the very recent cycle of 
construction industry follows the last cycle of GDP. There are only two full 
cycles identified for the transport confidence indicator in the period under the 
study. The time paths of the cyclical components differ from each other. The 
same number of turning points of the reference series is found for RCI only. We 
identify 10 turning points for ICI, 10 for CCI and 6 for TCI. There are two 
additional turning points in cyclical fluctuations in construction and retail trade. 

Diversity in timing of turning points results in diversity in duration of 
subsequent phases (see Table 3 for details). Differences can also be found in 
overall statistics of the variables (see Table for details). Maximum (minimum) 
values of the cyclical components of the indicators are higher (lower) than the 
corresponding figures of the reference series, resulting in higher amplitudes of 
the quantitative data. It needs to be stressed that the absolute values of the 
minima of the indicators are higher than the maxima. In other words the 
declines in periods of recessions are greater than the increases during booms.  

The amplitudes differ from a phase to a phase and across variables. The 
maximum deviations from trend of the TCI cyclical component are the highest 
of all and sums to over 60 pts. The maximum and minimum values exceed 30 
pts and the standard deviation amounts to 13.84 pts. High volatility is also 
found for CCI. The maximum deviation above the trend amounts to 15.99 pts, 
and beneath the trend – 22.04 pts. In effect the standard deviation is high too, 
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and equals to 9.3 pts. The maximum range of cyclical fluctuations of ICI is less 
than 30 pts and the standard deviation amounts to 6.36 pts. The least volatility 
of fluctuations is noted for the retail confidence indicator. The difference 
between the maximum and the minimum is less than 12 pts, and the standard 
deviation amounts to 2.82 pts. For all the variables the highest deviations from 
trend were recorded during the global financial and economic crisis of  
2007-2009. The majority of the indicators hit record high/low (in the 
upper/lower turning point). 
 
Table 1. Statistics of the cyclical components of GDP, ICI, CCI, TCI and RCI, 
Poland, 1995-2013. 

 
sample no. obs. max min σ r0 rmax 

PKB 1995Q1-2013Q2 74 2.84 -1.53 1.15 - - 

ICI 1995Q1-2013Q2 74 10.28 -19.59 6.36 0.322 
0.662 
(-2) 

CCI 1995Q1-2013Q3 75 15.99 -22.04 9.30 0.361 
0.606 
(-3) 

TCI 1997Q2-2013Q2 65 32.42 -35.91 13.84 0.186 
0.567 
(-3) 

RCI 1995Q1-2013Q3 75 4.57 -7.22 2.82 0.373 
0.43 
(-1) 

Notes: max – maximum value (in pts), min – minimum value (in pts), σ – standard deviation (in 
pts), r0 – correlation coefficient (t = 0) (with GDP), rmax – maximum correlation coefficient (in 
brackets lead (-) / lag (+) in quarters). 

Source: own calculations. 
 

High volatility of cyclical fluctuations in construction and retail trade 
effects in higher volatility of general business activity. The impact of cyclical 
fluctuations in manufacturing is weaker. Their pattern resembles, to some 
degree, the pattern of cyclical fluctuations of GDP. On the other hand, retail 
trade is less volatile and contribute to stabilise the economy. It is most probably 
due to consumers who tend to smooth their consumption in time. This 
conclusion requires further research.  

Timing of turning points of each of the variables is more or less different 
from another. This impinges upon quite weak synchronicity of cyclical 
fluctuations of the confidence indicators with GDP. The cross-correlation 
coefficient amounts to 0.322 for ICI, 0.361 for CCI, 0.186 for TCI and 0.373 
for RCI. However, the coefficient is much higher with a lead. It takes the 
highest value, 0.662, for ICI leading by 2 quarters. Thus, the correlation 
analysis confirms the stylised fact about highly significant contribution of 
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cyclical fluctuations in manufacturing to aggregated cyclical fluctuations. The 
highest coefficient of cross-correlation between cyclical fluctuations of CCI and 
GDP amounts to 0.606, with a 3-quarters lead. This might suggest CCI be  
a leading indicator of GDP, the most of all. The same lead is found for TCI, 
however the cross-correlation coefficient  is lower (0.567). For RCI the highest 
coefficient is 0.43, with one-month lead. The results of the correlations analysis 
are confirmed by detailed data on leads and lags of turning points (see Table 2).  

The average lead of troughs ranges from 0.5 quarter for RCI to 2.3 
quarters for TCI (1.8 quarter for ICI and 0.75 quarter for CCI). The average 
lead of peaks ranges from 0.2 to 3 quarters. In general, the average lead of 
upper and lower turning points is the highest (2.7 quarters) for TCI. For ICI it 
equals 1.8 quarter and, much less, only 0.4 quarter for CCI and RCI. As the 
time series are not long (or, in other words, the number of the turning points is 
small), the average values might be misleading. Nevertheless, detailed analysis 
of each of the turning points does not change the conclusion. For example, of 
the 10 GDP turning points signalled by the ICI turning points two were 
coincident (the lower turning point of the ‘Russian’ crisis and the upper turning 
point of the dot.com bubble) and all the others were leading with leads of 1 to 4 
quarters. In the case of CCI such synchronicity was recorded only once, at the 
dawn of the accession boom. For TCI and CCI only one turning point (2005Q3) 
coincided with the turning point of the GDP cyclical component. RCI is another 
indicator that recorded only one turning point overlapped with the GDP cyclical 
component turning point, ie at the downturn following the US financial crisis 
(2008Q1). Taking into account calculated values of the cross-correlation 
coefficient and particular leads we conclude that at least one of the confidence 
indicators, namely ICI, is a reliable leading indicator of GDP. 

The results obtained for the cyclical component of the construction 
confidence indicator are ambiguous. Three times it was lagged in reference to 
GDP (two peaks and one trough lagged). The lags were, respectively, 3 and 2 
quarters. The results are not consistent with the stylised fact that construction is 
leading against other sectors of an economy. Since the sample is short and 
many outliers come up in the period under the study we cannot definitely reject 
the stylised fact. The issue requires further insight. 
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Table 2. Turning points and leads (-) / lags (+), Poland, 1995-2013. 

 
GDP ICI CCI TCI RCI 

no. of GDP TPs signalled 11 10 9 6 11 

no. of additional TPs - 0 1 0 1 
Recovery after the transition 

recesssion    
 

 
P 
T 

1996Q1 
1996Q4 

ns 
-2 

3 
ns 

- 
- 

-1 
-1 

‘Russian crisis’ 
   

 
 

T 1996Q4 -2 ns - 1 

P 1998Q1 -2 ns ns -1 

T 1998Q4 0 3 ns 1 

dot.com crisis 
   

 
 

T 1998Q4 0 3 ns 1 

P 2000Q1 0 1 ns 3 

T 2002Q4 -4 -5 -5 -3 

Accession boom 
   

 
 

T 2002Q4 -4 -5 -5 -3 

P 2004Q2 -1 1 -1 2 

T 2005Q3 -1 0 0 1 

Financial and economic crisis 
   

 
 

T 2005Q3 -1 0 0 1 

P 2008Q1 -2 -5 -3 0 

T 2009Q3 -2 -1 -2 -1 

Indebtness crisis 
   

 
 

T 2009Q3 -2 -1 -2 -1 

P 2011Q4 -4 -1 -5 -6 

average lead of troughs 
 

-1,8 -0,75 -2,3 -0,5 

average lead of peaks 
 

-1,8 -0,2 -3,0 -0,2 

average lead 
 

-1,8 -0,4 -2,7 -0,4 

Notes: P – peak (upper turning point), T – trough (lower turning point), ns – not signalled. 

Source: own calculations. 
 
The study of timing of the TCI cyclical component turning points paints 

another picture. It shows the least number of turning points and as many as 
three reference turning points are not signalled at all. However, five out of six 
turning points are leading. Thus, there is no ground to claim TCI a coincident 
indicator of GDP. 
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RCI is the variable of the same number of turning points as GDP but their 
timing is not congruent. Alternating lags and leads do not show any regularity. 
Short leads/lags and the value of the correlation coefficient evidence for RCI to 
be a coincident indicator of GDP. This calls, however, for further research.  

Diverse timing of turning points results in differences in duration of the 
cycles and the phases of particular indicators (see Tables 3 and 4 for details). 
The highest average duration of an upward phase was estimated for TCI, 7.7 
quarters, and the lowest for RCI, 6.8 quarters. The average duration of  
a downward phase was the highest for CCI, 7 quarters, and the lowest for RCI, 
5.7 quarters (similar to the reference series). For all the confidence indicators 
duration of upward phases was higher than duration of downward phases. This 
is in line with the fact that booms tend to last longer than recessions. 

Diversity in duration and amplitudes made intensity of the cycle and their 
phases vary. Retail trade is characterised with the lowest intensity. Downward 
phases are more intense than upward ones. Manufacturing and construction 
show higher intensity and the highest intensity is found for motor transport. The 
average intensity for upward phases amounts to 2.23 pts/quarter for ICI, 2.32 
pts/quarter for CCI, 5.77 pts/quarter for TCI and 1.12 pt/quarter for RCI. The 
respective figures for upward phases are as follows: 2.96 pts/quarter for ICI, 
2.86 pts/quarter for CCI, 7.29 pts/quarter for TCI and 1.27 pt/quarter for RCI. 
In manufacturing, construction and transport the intensity was record high 
during the recession that followed the US subprime mortgage crisis. RCI 
recorded the highest intensity in the next phase. It needs to be stressed however, 
that as the sample is quite short average values might be misleading and one 
should thoroughly examine detailed results presented in Tables 3 and 4. 

Note that the business confidence indicators under the study diverge from 
each other in the beginning of the period, then – especially after the EU 
accession – the divergence diminishes. This tendency manifests transition 
process from the command economy to the market-oriented economy and the 
path that Polish firms made to know market rules. Another problem, caused by 
numeric procedures (extraction of a cyclical component), come into 
consideration at the end of the sample, ie in order to monitor business activity 
in real time we need to have in mind that updating time series might change 
estimations of last observations. 

 
  



 

Table 3. Statistics of the successive phases of the cycles. 

 
GDP ICI CCI TCI RCI 

Recovery after the 
transition recesssion 

downward phase 
1996Q1-1996Q4 

  
 1995Q4-1997Q1 

∆ -1.1 
  

 -2.9 

d 3 
  

 5 

i -0.37 
  

 -0.59 
‘Russian cisis’ 
upward phase 

1996Q4-1998Q1 1996Q2-1997Q3 
 

 1997Q1-1997Q4 

∆ 2.1 10.9 
 

 2.3 

d 5 5 
 

 3 

i 0.42 2.17 
 

 0.77 
‘Russian cisis’ 

downward phase 
1998Q1-1998Q4 1997Q3-1998Q4 1996Q4-1999Q3  1997Q4-1999Q1 

∆ -1.3 -15.2 -10.4  -7.8 

d 3 5 11  5 

i -0.45 -3.03 -0.95  -1.57 
dot.com crisis 
upward phase 

1998Q4-2000Q1 1998Q4-2000Q1 1999Q3-2000Q2  1999Q1-2000Q4 

∆ 2.5 9.9 5.0  6.7 

d 5 5 3  7 

i 0.50 1.98 1.67  0.95 
dot.com crisis 

downward phase 
2000Q1-2002Q4 2000Q1-2001Q4 2000Q2-2001Q3  2000Q4-2002Q1 

∆ -3.5 -11.2 -21.0  -8.2 

d 10 7 5  5 

i -0.35 -1.60 -4.20  -1.64 



 

 
 

Accession boom 
upward phase 

2002Q4-2004Q2 2001Q4-2004Q1 2001Q3-2004Q3 2001Q3-2004Q1 2002Q1-2004Q4 

∆ 1.6 12.5 19.2 27.3 7.3 

d 6 9 12 10 11 

i 0.27 1.39 1.60 2.73 0.66 
Accession boom 
downward phase 

2004Q2-2005Q3 2004Q1-2005Q2 2004Q3-2005Q3 2004Q1-2005Q3 2004Q4-2005Q4 

∆ -1.6 -11.1 -1.4 -28.9 -3.1 

d 5 5 4 6 4 

i -0.32 -2.23 -0.36 -4.82 -0.77 
Global financial and 

economic crisis 
upward phase 

2005Q3-2008Q1 2005Q2-2007Q3 2005Q3-2006Q4 2005Q3-2007Q2 2005Q4-2008Q1 

∆ 4.3 16.1 13.1 45.6 6.0 

d 10 9 5 7 9 

i 0.43 1.79 2.62 6.51 0.67 
Global financial and 

economic crisis 
downward phase 

2008Q1-2009Q3 2007Q3-2009Q1 2006Q4-2009Q2 2007Q2-2009Q1 2008Q1-2009Q2 

∆ -4.4 -29.9 -38.0 -68.3 -11.8 

d 6 6 10 7 5 

i -0.73 -4.98 -3.80 -9.76 -2.36 
Indebtness crisis 
upward phase 

2009Q3-2011Q4 2009Q1-2010Q4 2009Q2-2011Q3 2009Q1-2010Q3 2009Q2-2010Q2 

∆ 2.9 26.7 30.7 48.4 10.2 

d 9 7 9 6 4 

i 0.32 3.81 3.41 8.07 2.55 
Indebtness crisis 
downward phase 

2011Q4- 2010Q4- 2011Q3-2012Q4 2010Q3 2010Q2-2012Q4 



 

∆   
-25.0  -7.2 

d 
  

5  10 

i 
  

-5.00  -0.72 
average of downward 

phases    
 

 
∆ -2.4 -16.9 -19.2 -48.6 -6.8 

d 5.4 5.8 7 6.5 5.7 

i -0.44 -2.96 -2.86 -7.29 -1.27 

average of upward phases 
   

 
 

∆ 2.7 15.2 17.0 40.4 6.5 

d 7 7 7.3 7.7 6.8 

i 0.39 2.23 2.32 5.77 1.12 

average of all 
   

 
 

∆ 1.8 10.2 11.7 15.6 5.3 

d 6.2 6.4 7.1 7.1 6.2 

i 0.30 1.64 1.69 2.28 0.95 

Notes: d – duration of phase (in quarters), ∆ - change in phase (in pts), i – intensity (in pts per quarter). 

Source: own calculations. 
 
 

  



 

 
 

Table 4. Statistics of the successive cycles. 

 
GDP ICI CCI TCI RCI 

P-P 1996Q1-1998Q1 
  

 1995Q4-1997Q4 

∆ 1.0 
  

 -0.6 

d 8 
  

 8 

i 0.40 
  

 0.68 

T-T 1996Q4-1998Q4 1996Q2-1998Q4 
 

 1997Q1-1999Q1 

∆ 0.8 -4.3 
 

 -5.5 

d 8 10 
 

 8 

i 0.44 2.60 
 

 1.17 

P-P 1998Q1-2000Q1 1997Q3-2000Q1 1996Q4-2000Q2  1997Q4-2000Q4 

∆ 1.2 -5.3 -5.4  -1.2 

d 8 10 14  12 

i 0.48 2.50 1.31  1.26 

T-T 1998Q4-2002Q4 1998Q4-2001Q4 1999Q3-2001Q3  1999Q1-2002Q1 

∆ -1.0 -1.4 -16.0  -1.6 

d 15 12 8  12 

i 0.43 1.79 2.93  1.30 

P-P 2000Q1-2004Q2 2000Q1-2004Q1 2000Q2-2004Q3  2000Q4-2004Q4 

∆ -1.9 1.3 -1.8  -1.0 

d 16 16 17  16 

i 0.31 1.50 2.90  1.15 



 

T-T 2002Q4-2005Q3 2001Q4-2005Q2 2001Q3-2005Q3 2001Q3-2005Q3 2002Q1-2005Q4 

∆ 0.0 1.4 17.8 -1.7 4.2 

d 11 14 16 16 15 

i 0.29 1.81 0.98 3.78 0.72 

P-P 2004Q2-2008Q1 2004Q1-2007Q3 2004Q3-2006Q4 2004Q1-2007Q2 2004Q4-2008Q1 

∆ 2.7 5.0 11.7 16.6 2.9 

d 15 14 9 13 13 

i 0.38 2.01 1.49 5.67 0.72 

T-T 2005Q3-2009Q3 2005Q2-2009Q1 2005Q3-2009Q2 2005Q3-2009Q1 2005Q4-2009Q2 

∆ -0.1 -13.8 -25.0 -22.8 -5.8 

d 16 15 15 14 14 

i 0.58 3.38 3.21 8.13 1.51 

P-P 2008Q1-2011Q4 2007Q3-2010Q4 2006Q4-2011Q3 2007Q2-2010Q3 2008Q1-2010Q2 

∆ -1.5 -3.2 -7.3 -19.9 -1.6 

d 15 13 19 13 9 

i 0.52 4.40 3.61 8.91 2.45 

T-T 
  

2009Q2-2012Q4  2009Q2-2012Q4 

∆   
5.7  3.0 

d 
  

14  14 

i 
  

4.21  1.63 

average of P-P cycles 
   

 
 

∆ 0.3 -0.6 -0.7 -1.7 -0.3 



 

 
 

d 12.4 13.3 14.8 13 11.6 

i 
 

2.60 2.33 7.29 1.25 

average of T-T cycles 
   

 
 

∆ -0.1 -4.5 -4.4 -12.2 -1.1 

d 12.5 12.8 13.3 15 12.6 

i 
 

2.40 2.83 5.96 1.27 

Notes: : d – duration of cycle (in quarters), ∆ - change in cycle (in pts), i – intensity (in pts per quarter),  T-T – trough-to-trough 
cycle, P-P – peak-to-peak cycle. 

Source: own calculations. 
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All the business confidence indicators record a peak of the recent cycle, 
which signalled the reference upper turning point with a lead of 4 quarters in 
the case of ICI, 1 quarter for CCI, 5 quarters for TCI and 6 quarters for RCI. 
And the subsequent downward phase even finished in construction and retail 
trade in 2012Q4. There are signs of an upturn coming in manufacturing and 
motor transport, however, the Bry-Boschan technique do provide no evidence 
for this. 

4. Stylised facts 

The analysis of cyclical fluctuations of indicators of business activity in 
the four sectors indicates that signals of the changes in economic dynamics 
appear first and with the greatest regularity in the manufacturing sector.  For the 
lower turning points the lead with respect to the changes in the GDP is 1.8 
quarter with a similar magnitude for the upper turning points.  Ambiguous 
results have been obtained for the construction sector. The variable has a more 
leading character at times of an increased economic activity.  For the troughs 
the average lead is 0.75 quarter.  The peaks, indicating a decline in economic 
activity, are closely located to the changes in the GDP.  The largest leads in the 
fluctuations of the cyclical component of the business indicator have 
materialised in the transport sector with the smallest number of turning points 
signalled, however. In addition, ambiguous results have been obtained for retail 
trade. Fluctuations in the indicator in this sector indicate with a lead of 0.5 
quarter an increases in economic activity.  The lead is 0.2 quarter relative to the 
reference variable for declines in economic activity. 

Obtained results confirm the leading character of the composite 
qualitative variables.  In addition, the results show that the course of 
fluctuations varies by sectors of the economy. The fit is the closest to the 
reference variable for the manufacturing sector. The morphological features of 
the cyclical component of ICI are the closest to the fluctuations in the GDP.  
This confirms a verifiable property that the course of the cyclical fluctuations of 
manufacturing has the highest impact on the fluctuations of the aggregate 
economic activity (hypothesis 1). The property that construction is the sector 
with earliest materialisation of the changes in economic activity is not fully 
supported (hypothesis 2). Our analysis, however, cannot serve as a basis for  
a rejection of such a hypothesis as it is visible in multiple phases. Higher leads 
have been confirmed for the transport sector with the smallest number of 
turning points. Also this observation requires further insight. Similarly, 
ambiguous results have been found in retail trade. In this case as well there is 
no basis, given the amplitude of the fluctuations and the intensity of the changes 
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in different phases of the cycle, for a rejection of the property indicating  
a stabilising impact of this sector (hypothesis 3).  An unambiguous clarification 
of those issues requires additional research and more extended time series data. 

Our analysis allows for a positive verification of the hypothesis that the 
impact of the cyclical movements in manufacturing on the course of business 
cycle in Poland is the highest as the changes in economic activity are signalled 
with the greatest lead and highest regularity by the turning points of the 
business confidence indicator in the manufacturing sector. The  
cross-correlations confirm the existence of strong connections between 
fluctuations in GDP and ICI. The leading character of changes in the 
construction sector has not been confirmed.  There is no basis for a rejection of 
this hypothesis, either.  Unusual events in this area of economic activity 
increasing the uncertainty and risk in economic activity materialised during the 
course of the researched time frame. The issue requires further research. There 
is no basis for a rejection of a statement that cyclical changes in retail trade 
have a stabilising impact on the course of fluctuations in the aggregate.                   
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